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The development of tlie motor-car engine, and the Buccesaful 
installation of steam turbines for land and marine use, have 
been the means of directing more attention to the subject 
of engine balancing. The smooth running of an engine 
depends mainly on two factors: a more or leas uniform 
torque on the crank-shaft, and good balance of the inertia 
forces of the engine. The latter forms the subject-matter 
of the present work ; the former cannot be left without any 
mention, a chapter is therefore devoted to it. 

With the exception of a few analytical investigations, the 
method of treatment is graphical. In fact, the engineering 
student will recognize many geometrical methods with which 
he is familiar as applied to Statics of Structures. 

The only standard work on Balancing of Engines hitherto 
available is by Professor W. A. Dalby, to which the Author 
is greatly indebted. In dealing with longitudinal couples, 
the Author has generally adopted a purely graphical method, 
instead of the semi-graphical, semi-arithmetical method used 
by Profeaaor Dalby. Both methods have their own special 
merits. 

In discnayng the number of variables to specify n masses, 
and for the self-balancing of a multiple-crank engine, the 
reader may at first sight think the results are different from 
those given by Professor Dalby. The difference, however, is 
only apparent, not real. By a slightly different assumption 
at the outset, the discussion of the problem seems to be 
simplified in some cases. 

Some of the subject-matter, as far aa the Author is aware, 
is published for the first time. Part of the subject-matter 
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of Cliayter VIII. liaa beeu taken from a paper by the Author, 
published in the Minutes of Proceeilings of the Institidion 
of Civil Engineers, vol. elxviii. The expressions for the 
kmetic energy of the piston and connecting-rod in terms of 
the crank-shaft angle are new. The method of estimating 
the resultant torque on the crank-ahaft for all speeds and 
loads, explained in Chapter X., should materially reduce the 
draughtsman's labour. 

At the time of writing, the petrol engine for marine 
purposes, principally for pleasure or racing launches, has 
been well established. It seems probable that gas or oil 
eugines of large power will, in the near future, be used in 
the Navy and mercantile marine service. Some space is, 
therefore, devoted to the discussion of some types of engine, 
non-exiateut up to the present, but which may be desirable 
types if gas engines of 10,000 horse-power and upwards be 
required on board a ship. 

To make the work aa useful as possible to students, a 
series of exercises, with answers, in some cases, are appended 
at the eud of most of the chapters, some of these being taken 
from the papers set at the Qualifying Examinations of the 
Institution of Civil Engineers. 

The Synopsis at the end of ihe volume presents, in a 
form convenient for easy reference, the inertia properties of 
most of the types of engines in actual use. It is most 
improbable that errors in calculation have been entirely 
avoided. Any corrections will be gladly i-eeeived by the 
Author. The Author is indebted to Mr. G. A. Burls, 
M.Inst.C.E., for reading the proof-sheets. 
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BALANCING OF ENGINES 

CHAPTER I 

PRIMARY PHENOMENA OF MOTION AND FORCE 

The fuadamental conceptions of Hme, .tpni^e, and mctas are 
assumed to be known by the student, as well as the various 
units employed for their measuremetit. It sceraa desirable, 
jiowever, togiveafewnoteson the derived physical qnantitiea 
■with which the engineer has to deal, before going on with the 
'Special subject-matter of this volume. 

(1) Speed,— The speed of a body is the rate at which it 
sea through space. Speed may be uniform or variable. 

"With uniform speed the body passes through equal spaces in 
equal times, with variable speed the spaces passed through in 
equal time intervals are unequaL The unit of speed is the 
rate of passing through unit space in unit time, v = sjL 

(2) Velocity involves Direction as well as Speed.— 
If the direction and speed are known, the velocity is com- 
pletely defined. Graphically, velpcity may be completely 
represented by a straight line of finite length, the length of 
the line representing to any convenient scale the speed of the 
body, the direction of the line representing the direction in 
which the body is moving. In linear velocity, the apace 
passed through by the body is along a line, which may be 
either straight or curved. Thus, on a crank -shaft revolving 
at the rate of one revolution per second, a point one foot 
from the axis of the shaft will in one second describe the 
circumference of a circle of one foot radius, i.e. its linear 
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speed is 2™- foot per aecond = 6'2832 feet per second. The 
direction of its linear motion is clianging from instant to 
instant ; one element of ita linear velocity is continually 
changing, and therefore, although the speed is uniform, the 
velocity is varying. 

(3) Momentum. — The momentum of a moving body is 
the produce of its mass and velocity, mv. 

(i) Angular Speed. — The crank-shaft turning with a 
uniform speed about its axis, every point on it describes the 
same angle in the same interval of time. The angular speed 
of a rigid body rotating abont a fixed axis ia the same 
as the angular speed relative to that axis of any point on 
the rigid body. In rotary motion, therefore, the element 
of space is an angle, and the unit of augidar speed is unit 
angle described in unit time. The phrase " 60 revolutions 
per minute" expresses the angular speed of a shaft quite 
definitely, the unit angle beiog implicitly taken as the angle 
swept through in one revolution, i.e. 360 degrees, or 2ir radians. 
The radian ia the unit angle of circular measure; i.e. the 
angle subtended by a circular arc of length equal to its 
radius. 

If N be the number of revolutions per minute, (o tlie 
angular speed in radians per second, then evidently. 



27rN =-60, 
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(1) 



If V be the linear sp 
body rotating at angular 

V = tar, or w = vj'. 



of a point at radius r on a rigid 
!d ID, then 

■ . (2) 



Angular Velocity.— If the direction of the axis of 
rotation is variable, to specify the motion completely, the 
direction of the axis, as well as the speed of rotation, must be 
given. Thus the motion of the flywheel of a gyroscope at 
any instant can be completely represented graphically in the 
same way as the linear velocity/ of a body. 

(5) Acceleration. — Acceleration is rate of change of 



PHENOMENA OF MOTION AND FORCE 



I velocity. The epeed may change while the direction of the 
motion is unaltered (aa in a body falling freely under the 
influence of gravity) in which case the acceleration is in 
the same direction as the velocity. Or, the speed of the 
body may remain uniform while the direction of its motion 
is oontinaally changing (as in a body moving in a circular 
path with uniform speed) in which case the acceleration is at 
each instant at right angles to the direction of the velocity. 
If both speed and direction are changing, both kinds of 
acceleration are present. The acceleration along the path 
is called " tangential " acceleration, that at right angles 
" normal " or " radial." The resultant of the tangential and 
radial accelerations is called the total acceleration. 
^^M Acceleration, involving direction, aa well as magnitude, 
^Bcan be completely represented graphically by a finite straight 
■lini 



The unit of acceleration is imit of speed added per unit of 
:time. 

If the velocity v is uniformly added in t units of time, 
■tjt units_ of velocity are added in one unit of time. Therefore 

" = "/« (a) 



Angular Acceleration. — If the angular speed of a shaft 

varies, it is said to have angular acceleration. If the angular 

speed 10 is uniformly added in t units of time, tu/i units are 

added in one unit of time. Therefore the angular accelei-a- 

tion, which is the rate of increase of angular speed, is ^ = w/f. 

(6) Force and Mass. — Foree is that which tends to pro- 

I duce, alter, or vary motion. In rational mechanics the unit 

I of force (absolute unit of force) is that force which, acting on 

I unit of mass, produces unit acceleration. 

To completely specify a force we require to know its 
I magnitude, direction, and line along which it acts. There- 
f fore, it can be completely represented graphically by a finite 
I line, in a definite direction, and in a definite position. 

To produce unit acceleration on a body of m units of 

lass would therefore require a force of m units as above 

B-defined. To produce a units of acceleration on a body of 
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unit mass would req^uire a force of a unitB. To produce 
a units of acceleration on a body of m units of mass would 
require a force of ma units. Therefore 



(*) 



>lt, 



(5) 



/= ma .... 
Since a is the rate of increase of velocity, 
equation (4) may be written 

ft ^mv .... 
V being the velocity added in the time t. The product ft 
is called the impulse of the force ; the product mv is the 
momentum added. Therefore, equation (5) may be stated, 
Impulse = momentum added. 

(7) Work, Energy, Power. — Work is measured by the 
product of the acting force and the distance moved in the 
direction of tho force. In lifting a weight, w lbs., through a 
vertical height h ft., the work done is wh foot-lbs. It is 
immaterial what mechanical appliances be used, whether 
wedge, inclined plane, pulleys. Work may also be expressed 
as the product of the component of the force in the direction 
of motion and the distance moved. Thus, in lifting 100 
lbs. weight 2 feet high by means of an inclined plane of 
1 in 10, the length of the slope would be 20 ft. and the 
force to be exerted parallel to the inclined plane 10 lbs.; 
the work done = 10 x 20 = 200 ft.-lbs. 

If the direction of motion is at right angles to the direc- 
tion of the force, no work ia done. This, neglecting friction, 
is the case of moving weights on horizontal roils, forces on 
bearings, centrifugal force; the said forces may alter the 
direction of motion at any instant, but they do no work. 

If a body free to move is acted on by a force, the work 
done by the force is stored up as kinetic energy of the moving 
body. It is shown in elementary text-books of mechanics 
that the kinetic energy of a body of mass m moving with 
linear speed v is mv^jl absolute units of work or energy, or 
mv^jiff gravitation units, (foot-lbs., if the foot and lb. weight 
are the units of length and force respectively). 

Power is rate of doing work. The horse-power is the 



1 






J 



^^1 engineer's unit of power, and is defined as that of an agent 
^H doing work at the rate of 33,000 ffc.-lbs. per minutOj or 550 
^B ft. -lbs. per second. 

^B (8) Laws of Motion. — Our conceptions of mass and 
^" force are intimately connected one with the other. Mass, i.e. 
qaautity of matter, we estimate by its " inertia " or resistance 
to being disturbed from its existing state of rest or motion, 
when acted on by force. Force wo estimate by its effect 
in altering the existing state of rest or motion of a mass. 
Thus, we can form no idea of mass without having an idea 
of force, and conversely. The fundamental laws concerning 
mass, force, and motion are concisely expressed in Newton's 
three " Laws of motion," which should be regarded as 
generalized statements regarding the phenomena of motion 
and force, as exhibited in all parts of the universe of which 
we have any knowledge. 

I, Every body continues in its state of rest or of uniform 
motion in a straight line, unless compelled by impressed 
force to change that state. 

II. Change of motion is proportiohal to the force applied, 
and takes place in the direction in which the force acts. 

In the modern nomenclature of mechanics, Newton's 
second law of motion may be expressed thus : Rate of change 
of momentum is proportional to the force applied ; and — 

If mv be the momentum added uniformly in t units 
of time, mvjt is the rate of change of momentum. But 
vjt = a. Therefore, Newton's second law of motion ia an 
enunciation of the dynamical et[uation/ = ma. 

HI, Action and reaction are eijual and opposite. 

From the first law, it follows that every mass moving 
in a circle must be continuously acted on by an applied 
force, since the velocity of the body ia being continuously 
changed in direction. In the case of a shaft, wheel or 
pulley, turning about its axis, each element is acted on by 
force. As we shall see later, these forces vary as the square 
of the speed of the shaft, and at high speeds of rotation the 
rotating body is subjected to considerable stresses (centrifugal 
stresses) doe to the speed. 
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The second law, as expressed by the formula /= md, is 
of fundamental importance in all dynamical problems, / in 
the formula is to be regarded as the resultant of all the 
forcea acting on the body. If a body is at rest or moving 
with constant velocity in a straight line, a is zero, and tliere- 
fore / is zero ; i.e. all the forces acting on the body are in 
equilibrium among themselves. 

The third law expresses the fact that no single isolated 
force can exist. The forces the engineer has to deal with 
are caused by the mutual contact of bodies — solid, liquid, or 
gaseous. If a body A exerts a force F on a body B, the 
reaction of B on A is a force — F. The pressure of a shaft 
on its bearing is equal and opposite to the reaction of the 
bearing on the shaft. Care must always be taken that the 
correct direction be shown for each force in any mechanical 
problem the student ia dealhig with, 

(9) Straining Actions, Stress.— In a structure at rest, 
or moving with no accelei-ation, yet subjected to external 
forces, each portion has zero resultant force acting on it, A 
long bar, for example, acted on by external forces at its ends, 
must have the forces applied at the ends equal and opposite. 
If the forces appHed at the ends are directed towards each 
other the bar is said to be in cotnpression ; if directed away 
from each other, the bar is said to be in tension. 

If in a structure one portion is in tension, the other 
portion must be in compression, since the action and reaction 
are mutual. Thus, in an engine, if the gases in the eyhnder 
produce a state of compression on the piston-rod, connecting- 
rod, and crank, the opposite reaction is a tension on the 
cylinder and frame, between the cylinder head and crank- 
shaft bearings. 

(10) Dimensions and Nomenclature of Units, — If the 
three fundamental units of space, time, and mass be denoted 
by (m), (s), and (t) respectively, the unit of speed (v) is (s)j(t). 
The unit of acceleration is 

(.) = (.)/(() = w/(0'. 

The unit of force is 
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Thua, io the pound, foot, aecond system of units, the unit 
of speed is one foot per second, written 1 ft./sec. The unit 
of acceleration ia 1 ft./aec.^ The absolute unit of force is 1 
lb. ft./sec.^, sometimes called the ])OundaL 

The eagineer's unit of force, or the gravitational unit of 
force, ia the weight of unit maaa, that is, the force with which 
earth attracts unit mass. If g is the acceleration of a 
body falling freely under the influence of gravity, then con- 
sidering unit mass to fall freely under gravity, it ia acted on 
by a force ec[ual to one gravitation unit, which producea g 
units of acceleration. The gravitation unit of force is there- 
fore equal to g absolute units 

g = 32'2 ft./aec.^ 
therefore 

1 lb. weight = 32'2 Ib.-ft./aec." = 32'2 poundals. 

If a certain force is expressed as / absolute units or F 
gravitation units, then 

^=fl3 (6) 

In the gramme, centimetre, second system of units, the 
absolute unit of force (1 grm. cm./sec.*') ia called a dyne, 
g = 981 cm./see.'^. Therefore, 1 gramme weight = 9S1 
dynes. 

(11) Vectors and Vector Quantities.— Velocity, 
momentum, acceleration, a foi-ce acting at a point, can each 
be represented graphically by the same geometrical quantity, 
a finite straight line whose length represents to any con- 
venient scale the magnitude, and whose direction is the same 
as that of the velocity, acceleration, or force represented. 
The name vector ia given to this geometric quantity. If any 
physical quantity can be graphically represented by a 
vector, it is called a " vector quantity." The laws of com- 
bination of vector quantities are the same as those of 
vectors. 

If B finite straight line OA is drawn on the paper, it may 
represent a step from to A, or one from A to 0, one being 
in the direction opposite to the other. To indicate definitely 
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one of the two directions, an arrow-head should be placed on 
the line. With the usual convention aa to + and — signs 
Vector OA = - vector AO. . . . (7) 
The nature of vector addition can ho simply and clearly 
shown by considering a series of " displacements," or 
" steps," a step being a vector q^uantity. Thus, in Fig. 1, a 
step from to A, combined with a step from A to B, is 
equivalent to a single step from to E. That is 
Vector OA + vector AB = vector OB. 
Similarly 

Vector Ob = vector sum (Ol + A B + b'c + cId). 

In vector addition, the order in which the summation is 
taken does not affect the result. Thus, in F^. 1, the four 
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vectors 1, 2, 3, and 4 are added in the order mentioned ; in 
Fig, 2 the same four vectors are added in the order 1, 3, 4, 2, 
the vector sum OR being the same in Figs. 1 and 2. 

If the vectors 1, 2, S, and 4 in Fig. 1 represent velocities, 
or forces acting at a point, the vector sum OR will represent 
the resultant velocity or resultant force. It must be care- 
fully noted that in drawing the vector-polygon (Fig, 1 or 2) 
to obtain the vector sum, the arrow-heads must run in order 
round the sides of the polygon. 

If a fifth vector, EO, be added to the four vectors 
OA, AB, EC, CD (Fig. 1), the sum of the five vectors, 1, 2, 
and 5 is zero (Fig. 3) . Thus, if the resultant of a 
number of vector quantities is zero, the vector-polygon must 
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closed ; conversely, if the vector-polygon is closed, the 
resultant vector quantity ia zero. 

(12) Resolution of Vectors, — From the above discus- 
Bion, it ia readily seen that aay vector 
OA (Fig. 4) can be resolved into two 
component vectors along any two direc- 
tions, OX and OY, From A draw Aa' 
and An." parallel to OY and OX respec- 
tively, meeting OX and OY at a' and 
a" respectively. Then Tio. 4. 

Vector OA = vector Oa' -|- vector a' A. 
But 

Vector «'A = Oa", 
I Therefore 

Vector OA = vector On' + vector Oa", 

' Hesolving the four vectors and the vector sum OK of Fig. 1 

along OX and OY, as shown in Fig. 5, it is readily seen 

that the component Or in the direction OX of the vector sum 

OR ia equal to the sum of the component vectors 

6a' + a'h + 6V 4- eV. 
Similarly for the components in the direction OY. 

Further, comparing Figs. 4 and 5, it is readily seen that 
if the vector-polygon ia closed, 
the sum of the component vectors 
in any direction is zero. Cou- 
versely, if the sums of the com- 
ponent vectors in two directions 
I are each zero, the vector-polygon 
is closed. 
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1. A abaft turns at the rate of 100 
rcTolutioDS per minute. What ia its 

ogular speed in radians per second 1 

Ans. 10-47. 

2. An engine of 3-ft, stroke runs at 1 50 revolutiona per minute. 
! is the mean piston speed, and the linear speed of the crank-pin? 

Ans. 15ft./aBC., 23-6 fL/sei 
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3. Eipress in poundak aad in lbs. weight the force required to give a 
mftss of a ton an acceleration of 2 ft./sec.^ 

Ans. 4480 poundals, 140 lbs. weight. 

4. A OTone in lifting a weight of fi tona gives it a starting acceleiation 
of J ft./Beo.* What is the starting pull on the cable ? 

Ans. 5078 tooa. 

5. [d example 4, if the acceleration ift continued at the same rate until 
the weight is raised 20 feet, Snd tlia total work done, the work done against 
gravity, and the kinetic energy. Ans. 101'50, 100, 1'6G ft.-tons, 

6. In example 5, find the apeed when the load has been lifted 20 feet. 
If the lifiing is continued at tiiis speed, wliat horee-power is expended ? 

Ans. 4'47 ft./sec, 91 H.-P. 

7. If g, the acceleration of & body falling freely, ia 32-2 ft/aec.,^ 
express its value when & mile and an hour are taken as the units of space 
and time. Ana. 79036 mile/hour.^ 

8. Find graphically the resultant of yectors 2, 3, 2, 4 units length, 
drawn respectively, east, north, Houth-weat, and north-west. Find also 
tlie components of the resultant vector, in the east and north direclionB. 

Ans. 4-95, 2*21, 4-41. 

9. A train is travelling at the rate of 20 mile/hour, and a man, 
sitting in a corner of a compartment with both windows down, observes a 
stone pass in a straight line at right angles to the length of the train 
through both windows. If it appears to the man to have a velocity of 
20 ft./sec., with what horizontal velocity must the stone have been 
thrown? (Inst. G.E., Feb. 1899.) Ans. 35-5 ft./seo. 

10. A cricket-ball weighing 4J ozb. is travelling horizontally with a 
velocity of 30 ft./sec. when it reaches the bat. Supposing the time of the 
blow in each of three cases to be j^ second, compare the magnitudes of 
the average force of tlie blow when the ball ia despatched with nnaltered 
speed in directions making angles with the initial direction of (u) 35°, (6) 
^0°, (c) 180°. Give the direction of the blow in each case. (Inat. C.E., 
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^ns. 4-74 lbs. at 72*°; U-27 lbs. at 45° ; 1582 lbs at 180° 

11. A steam hammer weigha 10 tons, and the Bt«am pressure is 
60 lb8./in.', on the piston of 21 inches diameter. Find (i) the accekiation 
at which the hammer cornea down, (ii) the hammers telocitj aftci 
descending 3 feet, (iii) the mean force of the blow if the material bemg 
worked is eompreaaed J inch. (Inst. O.E., Feb. 1907 ) 

Ans. 57-1 fL/secS 18'5 ft./sec., 1276 tons. 
Note. — A higher st«am pressure than 50 Ib./in.^ is required to lift the 
hammer. 

12. A body is rotating abont an axis with an angular velocity of 4 
radians per second, and about an oxia interaecting the former at an angle 
of 60° with an angular velocity of 9 radians per second. Find the asia 
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ftbont which the resollant rotation is taking place, and its amount. 
(Inat, C.E., Feb. 1900.) 

Ane. 11'53 radiaos/Bec, aiia at 17'6° to the latter osia. 

13. Explain how to determine the relative velocity of two bodies. A 
is ti'avelling dae north at eonatant speed. When B 13 due weet of A, and 
at a distance of 21 miles from it, B starts travelling north-eost with the 
Bame constant speed as A. Determine, graphioally or otherwise, the 
least distonco which B attains from A, (lust. C.E., Feb. 1903.) 

Am. 8-03 miles. 

14. Two inon put a railway-waggon weighing 5 tons into motion by 
exerting on it a force of 80 Iha. The resistance of the wa^on is 10 lbs. 
per ton, or altogether 50 lbs. How far will the waggon have moved in 
one minnte? Calculate at what fraction of a horae-power the men arc 
working at 60 seconds after starting' (Inst. C.E., Feb, 1903.) 

Ang. 154-3 ft., 075 H.-P. 

15. State and pla f lly fi ton's " Third Law of Motion," A 
100-lb, shot leaves a gun h tally vith a muzzle velocity of 2000 feet 
per second. The gon d tta 1 m nts, which recoil, weigh 4 tons. 
Find what the resjst m t b that the recoil may be taken up in 
4 feet, and compare tl gj f il with the energy of translation of 
the shot. (Inst. C.E., Feb. 1903.) Ana. 7-78 tons; 1 : 90. 



CHAPTER II 



PRELIMINARY THEOREMS IN MECHANICS 



(1) Body moving in a Circular Path with Uniform 
Speed. — ^Let the uDiform liaear speed be u, the radius of the 
circular path (Fig. 1) be r. Let the body be at A at the 
beginmng of a certain interval of time (, and at B at the end 
of that interval. Then the arc AB is equal to vt. At the 
beginning and end of the time t, 
the directions of the motion are 
AA' and BB', respectively at right 
angles to the radii OA and OB. 
The velocities of the body when 
at A and B are represented by 
the vectors ao and oh, each of 
J length V, respectively parallel to 

AA' and BB'. Therefore the ve- 
1 the time t ia represented by the arc al. It 
i taken infinitely small, ah is parallel to AO, 
that is, the added velocity is in the direction of the radius at 
the instant, and directed towards the centre. The radial 
acceleration n is = abjt. Now^ OAB and oab are similar 
I, therefore 
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li mis the mass of the body, the force /, in absolute units, 
directed towards tlie centre, required to produce the radial 
acceleration is 

/-«"™» (3) 

In gravitation units, 

F = mr^7? (4) 

The above force is a " centre-seeking," or " centripetal " 
force, -which must be exerted on the mass by virtue of the 
mechanical constraint ; the equal and opposite force of 
reaction exerted by the mass on the part to which it is 
fastened is the " centrifugal " force. 

The radial acceleration, or the radial force, can he 
represented by a vector rotating with the same angular 
speed ID. 

(2) Forces acting at a Point. — Each force can be 
completely represented by a vector, and therefore the forces 
can be treated by the methods of sees. 11 and 12, Chap. I. 

(3) Moment of a Force. — Let Ei be any force acting 
on a rigid body, any point, and pi the perpendicular 
distance from O to the line of action of 
Fi (Fig. 2) ; then the moment of the force , \ 
Fi about the point is the product / ^\ 
Fipi. If the rigid body is constrained in ^/"'•:' 
such a manner that it can only turn / ''•-•y |j 
about as an axis, the moment Fipi is T _ ^ 
a measure of the turning effort of the 1 ' 
force Fi. The turning effort or moment fiq. 2. 
PiPi is counter clockwise, the moments of 
Fa and Fg (Fig. 2) are clockwise. If the moment of Fi be 
considered positive, those of F3 and Fg are negative. If a 
number of forces act on a body, the moment of theii- 
resultant about any asis is equal to the algebraic sum of 
theii' moments about that axis. 

(4} Couple. — Let two equal parallel but oppositely 
directed forces Fi and Fa (Fig. 3) act on a rigid body, p 
being the perpendicular distance between their lines of 
action. Let be any point in the plane of Fi and Fa at a 
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])erpendicular distance x from the line of action of Fa. Then 

the algebraic sum of the moments of Fj and Fa about the 

axis is 

Fiix + 2>) - FftK = Fp, 

a result independent of the posi- 
tion of the point ; that la, the 
algebraic sum of the moments of 
two equal opposite parallel forces 
Fis. 3. is the same for all points in the 

plane of the forces. 
The two equal and opposite forces constitute a couple, 
and the product Fp is called the moment of the couple, 

(5) Couple a Vector of Quantity. — A couple does 
not tend to produce any motion of translation, but only 
a turning moment about any asis perpendicular to the piano 
of the two equal opposite forces. A couple, therefore, is a 
vector quantity, its magnitude being the moment Fj), and 
its direction indicated by any line perpendicular to its 
plane. The couple shown in Tig. 3 being positive, tho 
vector may be drawn with the arrow-head pointing from the 
plane of paper towards the reader ; a negative couple, clock- 
wise in the piano of the paper, would be represented by a 
vector drawn with the arrow-head pointing av!ay from the 
reader. With this convention, the turning effort of the 
couple, and the dii-ection indicated by the vector arrow-head 
along the axis have the same relation as the turning and the 
axial travel of a right-haud screw engi^ing with a nut. 

(6) Couple of Transference.— Let Fi (Fig. 4) be any 
force acting on a rigid body. Introduce two equal and 

opposite forces Fa and Fg each equal to 
Fi, and acting in a line parallel to that 
of Fi and distant p from it. The two 
forces Fa and Fg neutralize each other, 
and, therefore, make no alteration in the 
conditions of the body. The two equal 
parallel and opposite forces Fi and Fa 
constitute a couple of moment Fp. leaving the force Fj 
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parallel to the original force Fi and distant p from it. 
Thus, any force F acting on a tody may be replaced by 
an equal parallel force at any distance ^, plus a couple 
of moment Fp ; the couple Fp being called the couple of 
traTuiference. 

Conversely, the resultant of a force and a couple of 
moment M, having its axis perpendicular to the force, may 
be expressed as an equal parallel force F at a distance p = M/F 
leasured from a point in the line of action of the force 
direction at right angles to F and the axis of the 
'«ouple. 

A physical illustration of the above is afforded by screwing 
up a nut by means of a spanner of length p. The force F, 
ipplied at the end of the spanner, is equivalent to a couple 
Fj) tending to turn the spanner and nut, plus a force Fj 
which exerts pressure on the nut tending to shear it off the 
bolt. 

(7) Coplanar Forces acting: on a Rigid Body. — In sect. 
8,Chap. I., it has been shown that a force reqnh-es for its com- 
plete specification tlu'ce quantities : magnitude, direction, and 
,'place or position. The first and second quantities can be re- 
[■jffesented by a vector, the three quantities by a localized vector. 
From sect, 6, it is evident that any number of given forces 
are equivalent to a series of equal parallel forces all acting at 
the same point, which may be chosen anywhere convenient, 
together with their respective couples of transference. The 
resultant force at the chosen point is determined in magnitude 
and position by drawing a vector-polygon, sect. 11 Chap. I. ; 
the resultant couple is determined by algebraic addition. 
From sect. 6, the resultant force F at the chosen point, and 
the resultant couple M, are equivalent to an equal parallel 
force F displaced a distance M/F. 

The position of the resultant F of the given forces is 
more conveniently determined as follows : — Let Fig. 5 re- 
present the position of the given forces Pi, Pa, ... ; Fig. 6 
the corresponding force vector-polygon, the resultant F form- 
ing the closing side. No difference is made if two equal and 
opposite forces, acting along the same straight line, be added 
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to the system. Let a force Q acting along any line a (Fig, 5) 
be added, Q being represented in the force-polygon (Fig. 6) 
by 6a. The resultant of Q and Pi is 6b (Fig. 6), and its 
line of action passes through pi (Fig, 5), the point of inter- 
section of Q and Pi. From pi draw the line b parallel to 06 
(Fig. 6), cutting the line of action of Pa at^iu. The resultant 
of Q, Pi and Pa is (Sc (Fig. 6), and it passe.9 through p^. 




From ps draw the line c parallel to Oc (Fig, 6). Continiung 
this process, the resultant of Q, Pi, Pa, . . . P4 is Oe (Fig. 6), 
and it passes through the point pi (Fig, 5). From pt draw 
the line e parallel to Oe (Fig. 6), cutting a, the line of action 
of Q at /. At / introduce tho force — Q, acting along a in 
the opposite direction to Q. Tho resultant of Q, Pj, Pa, . . . 
P4 - Q (that is, the resultant of the given forces) is F = tie 
(Fig. 6), and passes through tho point/ (Fig, 5), 

(8) Link-Polygon, — The above construction may be 
expressed thus : Take any pole O, and from it draw radius 
vectors to the comers a, b, c . . . c of the force-polygon 
(Kig. 6). Draw another polygon (which is called the link- 
pdygon) having its comers p\, jjj . . . on the lines of action 
of the given forces Pi, Pa . . . (Fig. 5), and having its sides 
a,b . , , parallel to the radius vectors Oa, 06 ... of the 
force -polygon. The point of intersection / of the first and 
last sides of the link -polygon determines the position of the 
resultant force F. 

(9) Conditions of Equilibrium. — If to the four forces, 
Pi, Pa, Pb> P4, in Pig. 5, be added a fifth force Pg, equal and 
opposite to F, and having the same line of action, the five 
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forces ai'e in equilibrium. The conditions to be satisfied tor 
El number of fortsea in equilibrium may therefore be expressed 

[ thus : Tfie force- and link-pdygons iniist each be dosed. 

If a closed force-polygon be drawn at random (Fig. 6), and 

I the lines of action (Fig. 5) be taken in random positions, but 

' parallel to the corresponding sides of the force-polygon, in 
general the link-polygon will not be closed. The resultant 
force is zero, but the link-polygon being drawn shows two 
parallel sides which intersect at an infinite distance, A zero 
force at an infinite distance is equivalent to a couple. 

(10) Parallel Forces, — If the forces are alt parallel 

I (Fig. 7), the constructions for the force- and liuk-])olygons 




are simplified. The sides of the force-polygon all lie in the 
same straight line (Fig. 8). In this case, which will be of 
frequent occurrence in discussing the balancing of engines, 
the notation shown in Figs. 7 and 8 should be adopted. 
The lines of action of the given forces. Pi, Pa . . . Pj, sub- 
divide the space round the body into the spaces a,h . . .d, e. 
The force Pi between the spaces a and 5 is represented in the 
force-polygon (Fig. 8) by the vector ab, similarly for the 
other given forces. The resultant force F is represented by 
the vector (ft, and in Fig. 7, F lies between the spaces a and e. 
The sides of the link-polygon lying in the spaces a,h,c... 
(Fig, 7) are respectively parallel to the radius vectors Ob, Ob, 
Oc . , . (Fig. 8). 

The resultant force F maybe equilibrated by two parallel 
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forces, Fi and Fa, acting at any points Qi and Qa C^%- 9), 
which are determined in magnitude by drawing another force- 
polygon and link-polygon as follows ;— The forces F, Fi, and 
Fa separate the spaces a, e, and q (Fig, 9). The force F 
between the spaces a and e being known, its vector (te (Fig. 
10) can be marked off, and the radius vectors 0« and Oc 

ale 





Fia. 9. 



. 10. 



drawn. From any point in the line of action of F (Fig. 9) 
the two sides of the link-polygon lying in the spaces a and e 
are drawn parallel to Oa and Oe respectively, to cut the 
lines of action of Fi and Fa respectively. Thus the third 
side of the Imk-polygon lying in the space q is determined ; 
and the radius vector Oq (Fig. 10) being drawn parallel 
thereto, determines the magnitudes qa and eq of the forces 
Fi and Fa respectively. 

Given a number of parallel forces acting on a body, to 
find the magnitudes of two parallel forces acting at two given 




points, Qi and Qa, wbieli will produce eq^uUibrium. Tlie 
soluliou is effected by a combination of the constructions of 
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I Figs. 7-10. The complete force- and link-polygons are each 
closed, and are clearly shown in Figs. H and 13. 
Facility and aoeuracy of drawing force- and link-polygona 
for any given data are essential to a thorough knowledge of 
the subject. For this reason, a few examples are added at 
the end of this chapter. 
(11) Couple Diagram, or Bending- moment Dia- 
gjam.— A horizontal shaft subjected to various loads, Pj, p^, 
, . . and reactions Fi and Fa at the bearings, is subjected to 
bending stresses. The straining action at any section of 
^m the shaft is the sum of the straining actions of all the forces 
^B on one side of that section. 

^V In Fig. 11 the straining action at section K is the sum of 
the straining actions of the forces Pi, Fi, Pa, aciing at Ai, 
Qi, A3. But the force Pi at Ai is equivalent to an equal 
force Pi at K plus the couple of transference P X AilC ; with 
similar expressions for the forces Fi and Pa acting at Qi and 
Aa respectively. Thus the straining actions at K are a 
y force = algebraic sum of 
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p., K,. P, » }. (Fig. 12). 

and a bending moment = algebraic sum of 

Pi X AiK, Fi X QiK, Pa x AaK. 

Let the sides a, h, c, and q of the link-polygon, produced 
if necessary, cut the vertical line through K at «', b', c and q 
respectively. Let H be the horizontal distance of (Fig. 12) 
from the line of loads measured to the same scale as the 
loads. The triangles a'pib' and aOb have their sides parallel, 
and are therefore similar figures. 

^■Therefore vj = t-jt, 

^^r or ab X AiK = a'b' x H 

But ab X AiK is the bending moment on the section K due 
to the force Pi. Therefore the bending moment at K due to 

I Pi is = a'b' X H. 
By similar reasoning, the bending moment at K due to Fi is 
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j'a' X H ; that due to Pa ia b'c' X H, Finally, the bending 
moment at K is 

H X (q'a' + aV + S'c') = H X g'c'. 
Thus, the bending moment on any section of the shaft is equal 
to the intercept of the link-polygon by a vertical at that section, 
multiplied by H. By choosing a suitable scale, therefore, the 
vertical intercepts of the link-polygon may be regarded as 
a bending-moment diagram. 

Betiding Moment in Two Longitudinal Planes at 
Right Angles. — At any transverse BCction of a shaft the 
bending stress may be expressed as two component bending 
moments in two longitudinal planes at right angles. Each 
component bending moment ia a vector quantity ; the resultant 
bending moment, in magnitude and direction, is therefore 
determined by vector addition. If M^ and Mj, are the com- 
ponent bending moments ; the resultant is 
M = VM,2 + U~\ 

(12) Scales of the Diagrams. — If the linear scale he 
1 inch = X feet, the scale of the force-diagram 1 inch = y lbs., 
and the polar distance ia H inches or Hy lbs., then one inch 
oi-dinate of the couple or moment diagram represents a moment 
of X ft. X 'S.y Iha. That is, the scale of momenta is one 
inch = 3^H foot-lbs. 

(13) Mass-centre. — The centre of gravity of a rigid body, 
or of a system of bodies of unchanging relative configuration, 
ia the point always traversed by the resultant weight of the 
body or system of bodies. If the weight of a particle ia pro- 
portional to its mass, the centre of gravity ia also the mass- 
centre. Thia ia sensibly the case for all problems relating to 
masses on the earth's surface, although it is not necessarily 
true for astronomical mechanics ; weight, that is gravitational 
attraction between two masses, varying inversely as the square 
of the distance between them. 

More generally and strictly, the mass-cetUre may be briefly 
defined as tho amrage position of a number of particles 
all of equal mass, comprising the rigid body, or system 
of bodies. Taking any point, 0, as reference, the position of 
each particle of mass wii is represented by a vector ti, and 
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tho position of the mass-centre, G, of a number of particles 
■will be 

vector Bum (triiri + m^rj + . . . ) 
sum (nil + wia + ■ ■ .) 

If the reference point is coincident with G, the vector 
OG ia zero, and therefore 

Vector sum (wiiri + m^rj + . . .) := 0. 

(14) Moment of Inertia. —When a rigid body is capable 
of rotary motion about a fixed axis, we have already seen that 
a couple is required to cause it to turn. That is, in rotary 
motion, a couple is analogous to a force in linear motion ; 
angular acceleration is analogous to linear acceleration in 
linear motion : what is analogous to tiiass in linear motion? 
The answer is, the moment of inertia of the body relative to 
the axis of rotation. 

Consider a heavy particle of mass m to be constrained by 
a rigid frame of no mass, so a3 to turn about the axis 
(Fig. 13), the distance of m. from 
the axis being r. The particle 
will then move in a circular 
path of radius r. Let a constant 
force/act on the particle, always 
in the direction of the tangent, 
i.e. at right angles to the radius- 
The linear acceleration a of the 
particle is then determined by 
the equation / = ma. The 

angular acceleration of the rigid frame and particle is - ; 
■ a = $r. 

Draw at 0, two equal but opposite forces/' and/", each 
equal to /. These do not influence the rotary motion, since 
they directly neutralize each other. But /and/" constitute 
a couple e, wliich turns the rigid body ; the remaining force 
f presses the rigid frame on the bearings or constraint at 0. 
But c =fr = mar = 'mr^(fi. 

Let 7)ir^ = i ; 
then e = itp. (1) 
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/ = T)la. 

i is called the moment of inertia of the particle m, with 
respect to the axis 0. SimilaTly, if there are a number of 
particles of massea mi, ma, rag . . . fixed in the masaleas rigid 
frame at radii n, ra, r^ . . . respectively from 0, the couples 
^1? *2i is ■ ■ ■ required to give them the common angular 
acceleration 0, are determined by equations similar to (1), 
the factor ^ being common to all. 

A heavy rigid body may be considered as made up of a 
number of such particles, and therefore the couple C required 
to give it the angular acceleration ^ is 

C = (wiiJ-i* + wiara*" + m^r^ 4- . . .) * 
= If 

Therefore, the moment of inertia I of the lieavy rigid 
body, relative to the axis 0, is defined by taking each element 
of mass, multiplying it by the square of its distance from the 
axis, and adding all the products. In the notation of the 
integral calculus, I = jr^dm. 

Since each element of I is a mass multiplied by 
the square of a length, I itself must have the same 
dimensions, i.e. 

(I) = (»X0'. 

Orj the unit I is unit mass X square of unit distance, Ib.-ft.^ 
in the British system of units. If M is the total mass of the 
rigid body, we may write I = Mfc^, where k is called the 
radius of gyration. 

The student must be careful to notice that ^ is not a 
vector quantity. If two equal particles, mj. and Wj, are at 
the same radius, but in opposite directions from 0, ri = - r^, 
and the vector Mii^i = — vector ma^a. But ri' = { — ^a)'', 
and miJ'i'' = mjra''. Thus, the radius 'of gyration, k, of a body 
is- not associated with any particular direction; k^ and I are 
scalar quantities, and are always positive. 

The following table gives the values of I and F for a few 
bodies of most frequent occurrence. 
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TABLE I. 
Moments of Inertia. 



Body 


Axieof Refeience 


■ 


h' 




Ajis of tabe 


Mr" 


r' 


BOotion, radina r 


On surface of tabe, par- 
allel to ftsis of tube 


2 Mr* 


2r' 


Circular disc of uniform 
tliioknesB, riidina r 


Throngh centre, per- 


Mr' 
2 


2 




IM,. 


\t' 


(Flywlieel rim) 
Tliiok cirenlar rinp; of 

onteide and .inside 
radii, r, snd r, 


Axis of ring 


2 


(r,'+r,') 
'" 2 


Hod of uniform spctiou 


Throngh middle, per- 
pendicular to ftxia 


MP 
12"" 


I^ 




Throngh end, porpen- 
dioulM to axis 


"a" 





(15) Comparison between Linear and Rotary 
Motion. — From what has beoa already said, it ahould be 
dear to the student that the mathematics of rotary motion 
is precisely the same as that of linear motion ; the three 
I fundamental elements of the latter being time, length, and 
SB, the corresponding elements of rotary motion being 
' time, angle, and moment of inertia. Any formula in linear 
! motion has its analogue in rotary motion. Many engineering 
BtudentB who can easily solve problems in linear motion are 
hopelessly at soa with problems in rotary motion. The 
following table of analogies may he useful to them. 
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TABLE ir. 

Analogies between Linear and Rotary Motion. 



LiNEAB Motion. 



Name of Unit. 



Time, t 
Space, 8 
Mass, m 

Velocity, t? = 1 

Acceleration, a = 
MomeDtum, mv 

Force, /=»na 
Impulse, ft = mv 



V 

t 



Work done, E = /« 
Kinetic energy, E 
"""2" 

Power, -— = /» 



Dimension 
of Unit. 



sec. 
foot 

lb. 

ft. 
sec. 

ft. 
sec.' 

Ib.-ft. 
sec. 

Ib.-ft. 

sec.* 
Ib.-ft. 

sec. 

Ib.-ft.' 

sec' 
Ib.-ft.' 

sec.' 

lb.-ft. ' 
sec.^ 



Relation 

between 

linear and 

rotary 

motion. 



Same 
I = '^mr^ 

V 

« = — 

r 

a 

(f> = - 

la = 'Smvr 



C=/r 
Ct = ^frt 

Same 
Same 



BoTABT Motion. 



Same 



Name of Unit. 



Time, t 

Angle, 6 

Moment of inertia, I 

Angular velocity, a> 

= eit 

Angular acceleration, 

Angular momentum, 
lu (moment of mo- 
mentum) 

Couple, = 1^ 

Angular impulse, Ct 
= la (moment of 
impulse) 

Work done, E = C0 

Kinetic energy, E 
!«' 



Power, - = C« 



Dimensioc 
of Unit. 



sec. 

lb.-ft.' 

1 

sec. 
1 



sec' 

lb.-ft.' 
sec. 

lb.-ft.' 

sec' 
lb.-ft.' 

sec 

lb.-ft.' 

sec' 
lb.-ft.' 

sec' 



lb.-ft.' 
sec* 



Linear Motion. 



RoTAET Motion. 



Uniform Acceleration, 



V =Vq +at 
v^ = Vo' + 2o« 


«' = w^a + 2<l>0 




Centrifugal force, / 
Impulse, ft 
Momentum, mv 
Angle described, = ft/mv 
Angular velocity, a = f/mv 

f = mvu = wp'/r = mcw'r 


Gyroscopic couple. 
Angular impulse. 
Angular momentum. 
Angle of precession. 
Speed of precession, 

Cslwn 


C 

ce 

= Ct/I« 

n = c/i« 
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(16) Angular Momentum. — The liuear momentum of 
a particle of mass m, moving with velocity v, is w,v. 

The angular momentum of a hody rotating with angular 
velocity w, aud having moment of inertia I relative to the axis 
of rotation, ia Iw. If the hody is a heavy particle at radius 

r, I = mt^, and w = - ; therefora its angular momentum ia 

mw. More generally, if m ia the mags of a particle, r its 
perpendicular distance from any axis 0, and v the component 
of its velocity in the direction mutually perpendicular to the 
axis and the perpendicular, its angular momentum {oTnioment 
of momentum) relative to that axis ia mnr. 

(17) Plane Motion of a Rigid Body. — The piston and 
connecting-rod of an engine have plane motion, i.e. each point 
moves in one plane at right angles to the axis of the crank- 
shaft. These hodiea are also usually symmetrical about 
the plane of motion of their maas-centro. The following 
disouasion ia Umited to the plane motion of such aymmetrical 
bodies. 

In Fig. 13, the force/', due to the particle m, presses the 

I rigid frame on the axis O. /' = ma = mr^, and is a vector 

quantity, its dh-ection being at right angles to the radius r. 

Therefore, the total pressure on the axis due to the particles, 

mi, ffia, ma, . . . ia 

Vector sum (miTi + tn^i + . . . )^ 
I If is at the mass-centre of the body, this vector sum is 
I zero, and there is no preasiu* on the axis. 

If, however, the body is non-symmetrical about the 
[ plane of its motion, like a crank-shaft with two cranks at 
, 180°, the resultant of all the pressures /' due to the particles 
f comprising the hody will he a couple. This will be dia- 
[ cussed more fully. 

Conversely, if a rigid body free to move is acted on by a 
I oonple, it will torn about an axis passing through its mass- 
Isentre. 

Let Fig. 13 represent a heavy rigid body free to move 
I with plane motion under the action of the external force /, 
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and let O be its mass -centre. Introduce as before the two 
forces /' and/" at 0, equal, opposite, and parallel to/. The 
force/' produces motion of the mass-centre, the couple /and 
/" produce rotation about the axis 0. These two motions 
take place independently and simultaneously. 

Hence, the motion of the mass-centre of a rigid body 
under the application of any force ia the same as if an equal 
parallel force were applied to the whole mass collected at the 
mass-centre. The motion of rotation of a body about an axis 
through its mass-centre, due to an external force, is the same 
as if the mass-centre were fixed. 

The converse of these two theorems is true. Thus, the 
linear motion of the maaa-centre of a connecting-rod, and the 
angular motion of the rod about an axis through its mass- 
centre, 18 determined at any instant by the constraint of the 
mechanism. The external force required to produce these 
motions ia determined by the above theorems. This external 
force is evidently the resultant of the preaaurea on the crank- 
pin and cross-head ends of the rod, and is equivalent to an 
equal parallel force at the mass-centre of the rod, together 
with a couple of transference. 

Plane Motion of a. System of Bodies under no 
External Force. — Consider two bodies, A and B, of a system 
(Fig. 14) exerting mutual force at any instant. The force /i 
exerted by B on A, ia equal, but oppoaite to the force /a 
exerted by A on B, Let t be the time of action, mi and mq 
the masses of the bodies, Vi and Vj the changes in the 
velocities of their mass-centres Gj and Ga 

Then fit = miVi 

/ai == maVa 
also /i = -/a 

Therefore miVi = — ma^a, or (miVi + in^Y^) = 0. 

That is, tlie total momentum is unaltered by the mutual 
action of the two bodies. 

(18) Conservation of Momentum.— Generalizing from 
the above, t?ie resultant mommtum of a system of bodies 
reinains constant, if no external force acts on the system. 



1 




PRELIMINARY THEOREMS IN MECHANICS 27 

This may alao be expressed thvia ; The joint masa-cenlre 
of a system of bodiea remains at rest or moves uniformly in 
a straight line, if no external forces act on the system ; quite 
independently of the motions or connections of the bodies 
among themselves. 

Conservation of Angular Momentum. — Let G be tho 
common mass-centre of the two hodies (Fig. 14). Introduce 
two forces /i' and f^ at G, equal, 
opposite, and parallel to /i and 
/a ; /i and f\ constitute a couple 
which in time t produce a change 
of angular momentum of the body 
The equal opposite couple 
formed by f% and /a' produce an 
equal opposite change of an^lar 
momentum of the body B, Thus, 
the total angular momentum re- 
mains unchanged. 

Generalizing, the resultant an,- 
( gular momentum, of a system of bodies about any tms remains 
, constant, if no external force or couple acta on the system. 

The above results are the fundamental dynamical theorems 
for the diacusaion of the problem of engine balancing. 
Imagine an engine direct coupled to a dynamo on a common 
bedplate, which can be suspended by springs of such 
resilienee that we may neglect the variation of load on 
them due to a slight extenaioii. The external forces, the 
weight of the apparatus, and the reaction of the springs, ai-o 
in equilibrium ; the resultant external force is zero. There- 
fore, tho joint masa-ceutre of tlie engine and dynamo is at 
rest. But the moving parts of the engine and dynamo may 
have theu' common mass-centre in motion. In this case the 
mass-centre of the remainder of the apparatus must move, 
and the bedplate will move cyclically during each revolution 
of the shaft. The engine is then said to he unbalanced, an 
unbalanced force existing at the bearings. 

The common mass-centre of the moving parts may be at 
I rest, but if their resultant angular momentum about any axis 
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is not always zero, that of the bedplate and fixed parts of the 
apparatus must also vary, and the bedplate will oscillate. 
Take, for example, an axis mutually at right angles to those 
of the cylinders and the crank-shaft. If the masses fixed 
to, and revolving with, the shaft are symmetrically di 
(balanced), their resultant angular momentum about this axis 
is zero. Suppose the engine to have two cylinders at distance 
I, and cranks at 180". As one piston and connecting-rod 
moves towards the crank-shaft, the other moves away from 
it, the resultant angular momentum relative to the said axis 
is Mvl, where mv is the resultant linear momentum of one 
piston and connecting-rod, and varies cyclically during each 
revolution. Therefore, the bedplate oscillates longitudinally 
about this axis. 

If a counterbalance mass, m*is attached to the crank-shaft, 
opposite each crank-pin, the resultant angular momentum 
of the pistons, connecting-rods, and counterbalance masses 
about the same axis is approximately zero, since the linear 
momentum of each piston and rod is nearly equal and 
opposite to that of its counterbalauce mass. But now, with 
reference to an axis parallel to the cyKnders, the angular 
momentum of the pistons is always zero, since the component 
velocity at right angles to this axis is zero, the angular 
momentum of the two counterbalance masses about this 
axis varies cyclically during each revolution, and the 
bedplate, therefore, oscillates longitudinally about this axis. 

Again, if the speed of the shaft is constant, its angular 
momentum, relative to its axis, is constant. But if the 
engine has only one cylinder and one connecting-rod, the 
angular momentum of the rod is successively zero, a maxi- 
mum, zero, a minimum (or negative vahie), zero, during 
each revolution. The angular momentum of the remainder 
of the apparatus must, therefore, at each instant be equal 
but opposite to that of the connecting-rod. Therefore, the 
bedplate will oscillate about an axis through the mass- 
centre parallel to the axis of the shaft. 

(19) Kinetic E-nGrgy of a System of Bodies.— Analo- 
gous to the expression mi^/2, for the kinetic enei^ of a masa 
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» moving with linear speed v, the kinetic energy of a rotating 

body ia Iiu'^/2, 1 being its moment of inertia about the axis of 

' rotation, w its angular speed. Using the gravitation unit 

I of force, the angular energy, as it may be called in distinction 

' to the linear energy, is lii>^j2g. 

The total energy of a rigid body ia the sum of the linear 
energy, due to the mass being concentrated at the mass- 
centre, and the angular energy due to its angular speed about 
an axis through its mass-centre. 

Further, if V ia the velocity of the maas-centre, Vi and 
Vji, the component velocities in two directions mutually at 
right angles, since V^ = V^^ + V/, the linear energy is the 
1 of the component energies in two directioua mutually 
at right angles. Thus, the kinetic energy of the connecting- 
rod of an engine is expressed as the sum of three quantities. 
The kinetic energy of a system of bodies may be es- 
■essed as the sum of (A) the linear energy of the total mass 
concentrated at the mass-centre of the system, and moving 
with the same linear speed ; (B) the sum of the linear 
energies due to the linear' speeds of the individual bodies 
relative to the mass-centre of the system; (C) the sum of 
II the angular energies of the various bodies due to their 

I angular speeds about axes through their own mass- 
centres. Thus, for example, if a motor-car weighing, with 
passengers, 2 tons, is moving at the speed of 30 miles an 
2 X 44^ 
hour (44 ft. per second), the term A above is ^ „„ 
foo 
tbt 
Th 
wh 
axE 
the 
des 
ant 
pui 
vei 
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[ foot-tons. The term B would include the linear energy of 
the piatona and connecting-rods relative to the engine frame. 
3 term C would include the angular enei'gies of the road- 
wheels, crank-shaft, and flywheel, etc., relative to their 
s of rafcation, also the energies of the angular swings of 
the connecting-rods relative to their own mass-centres. 

Conservation of Energy. — Energy cannot be created or 

I destroyed; it may be transformed from one kind to another, 

I and it may be dissipated so as to be lost for all practical 

I purposes. The source of energy which a heat-engine eon- 

verts into mechanical work is in the chemical energy latent 
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in the fuel, and which by corabuation in the furnace of 
steam boiler, or in the cylinder of an internal-combustion 
engine, is converted into heafc energy. The work done 
the cylinders of an engine during any interval of time 
be expended in (1) doing useful work in ovetcomiog the 
resistance of the crank-shaft ; (2) overcoming frictional 
resistances of the mechanism ; (3) increasing the kinetic 
eneigy of tlie moving parts ; (4) in producing elastic 
deformations of the parts considered as springs, e.g. twisting 
the shaft. If the work done in the cylinders during any 
time interval is greater than items (1) and (2_) above, the 
excess enei^ is stored up as items (3) and (4) ; this energy 
being restored during a time interval when the work done 
in the cylinders is less than items (1) and (2). 

(20) Internal and External Forces.— The whole system 
of forces in an engine, even with only one cylinder, la 
exceedingly complex. The relative motion of the parts is 
determined by the nature of the mechanism, the actual 
forces exerted between two parts, say, for example, a crank- 
pin and connecting-rod end may bo duo partly to inertia 
effects, partly to the pressure exerted by the working fluid on 
the piston. In the problem of engine balancing we are 
concerned with the resultant or couple force tending to 
move the engiuo frame. The complete engine with its 
moving parts, and fixed parts comprising cylinders, bed- 
plate, bearings, etc., together with the workii^ fluid, form a 
system of bodies. We have seen above (sect. 18) that no 
mutual action between these bodies has any influence on 
the motion of the mass-centre of the complete engine, which 
therefore remains at rest ; that is, the system of forces due to 
the presure of the steam, gas, or water, is a set of internal 
forces in ec[uilibrium. If the steam presses downwards on 
the piston, this pressure is transmitted by piston-rod, con- 
necting-rod, and crank to tbe bearing forming part of the 
frame. But, simultaneously, the steam presses upwards on the 
cylinder-head, which is also rigidly connected to the frame. 
These two forces on the frame being equal and opposite, 
balance each other, provided there is no force absorbed to 
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I'Occelerate or retard the heavy moving parts. Oonaidering 
luow the moving parts of the engine, if the mass-centre 
I moves, aa the shaft rotates, the mass-centre of the fixed part 
L of the engine must also move so aa to keep the joint mass- 
I centre at rest, and there is said to he an unhalanced force in 
[ the engine. If the hedplate is bolted down so as to prevent 

this actual motion, then the force exerted by the holding- 
1 down holts varies during each revolution of the shaft ; con- 
I Btituting a varying external force. 

Thus we see that a detail study of mutual pressures of 
[ crank-shaft and main-hearings, crank-pin and big-end of 
1 connecting-rod, cross-head and slides, etc., however necessary 
, to ensure satisfactory working of the engine, is not required 
r the study of balancing the engine. 
Perhaps a simple analogy may make tliia fundamental 
\ principle more readily understood by the student. The 
► wheel of a road vehicle has to transmit the load from the 
' axle to the ground. It is acted on by (in the simplest case) 
I two external forces, the downward pressure of the axle, and 
I the upward reaction of the ground, which must, of course, be 
I equal and opposite when the wheel has no vertical 
I acceleration. The internal forces between the various parts 

comprising the wheel (tyre, felloe, rim, spokes, nave) may 
I be exceedingly complex, hut are in equilibrium among them- 
1 selves, and have no direct influence on the external forces. 
I The wheel may be loosely or tightly huilt ; the spokea of a 
I wood wheel are in compression, the rim in tension; oon- 
[ Tersely for a wire-spoke wheel. 

EXEBCIB-ES. 

Two weights each 20 Ibe. are fastened to an iron bar at a distance 
opart of 3 feet between centree, forming a bar-belt. The bar-bell ib 
\IDapended, and aet rotating in a horizontal plane with a speed of 150 
revolatioiiB per minute. Find the tension on the bar. 

Ann. 861 lbs. 
Prove the formula giving the radial acceleration of a particle 
traversing a circle of radius H feet with a uoiform speed of V feet per 
second, and theuce find the speed of horizontal rotation of a heavy ball 
swinging by a string, when the string makes an angle of 30° with the 
vertical. (Inst. C.E., Feb. 1907.) Ans. .- = . /-J 
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3. The connecting-rod of an engine is inolined at an angle of 30° to 
the crank. Compare the torque on the crank-shaft with the torque when 
the aoimec ting-rod ia at right angles to the crank ; the presanre on the 
crank-pill being the same in both casen. Ans. 1 : 2. 

4. A beam 20 feet long ia anpportad on two Bupporta 3 feet from each 
end of the beam. Weights of 10 Iba. and 20 Iba, are anspended from the 
two ends of the beam. Draw to scale, the bending- moment and ahearing- 
force diagrams ; and in particular estimate their valuea at the central 
aection of the beam. (Inst. C.B., Feb. 1905.) 

.4ns. 2'14 lbs., 45 Ib.-ft. 

5. How mnob energy is stored np in a 3-foot thin rod weighmg 4 Iba., 
and whiob ia revolving at 140 revolutions per minute about an axis 
through its centre and perpendicular to ita length ? (lust. O.B., Oct. 1900). 

Am. 10 foot-ltiB. 
C. Explain the meaumg of the term " centrifugal force." With what 
speed must a locomotiYe be running on level railway linea forming a curve 
of 968 feet radius, if it produces a horizontal thrust on the outer rail equal 
to ^ of its weight? (Inst. C.B., Feb. 1903.) 

Ans. 15 mile/hour, 

7. Eatiniato the super-elevation which ought to be given to the outer 
rail when a train moves round a curve of 2000 feet radius at a speed of 
60 miles an hour, the gauge being 4 feet 8J inches. (Inst. C.B., Feb. 
1904.) Ans. 6-8 ins. 

8. If a torque of 0'245 ton-foot is acting on a shaft which makes 100 
revolutions per minute, find the H.-P. transmitted. (Inst. C.E,, Feb. 
1899.) Ana. 10-45. 

9. A flywheel weighing 10 tons whose radios of gyration is 5 feet, 
rests on bearings 10 inches in diameter. If the coefBcleut of friction of 
the axle and bearings is 0'006, Gnd the constant moment which must act 
upon the wheel to get up a speed of 20 revolutions per minute in one 
minute. (Inst. C.E,, Feb. 190G.) Ans. 3-92 ton-inch. , 

10. An experimental flywheel has an external diameter of 18 inches, 
the rim is 2 inches wide and 1 inch thick. The arms and boss may be 
neglected. A weight of 100 Iba. ia attached to a cord wound round the 
axis. Find (1) the velocity of a point on the outside of the rim if the 
weight falls 15 feet freely under gravity, neglecting friction ; (2) how many 
revolutions the wheel will make before being brought to roet by a braking 
force of 10 lbs. applied to lie rim. Weight of cast iron is 450 lbs.-ft.' 
(luBt. C.B., Feb. 1907.) Ans. M - 28 lb., 

i« = 72-5 in.3, 1 = 14-1 lb..ft.^ V = 27-8 ft./sec, 26-2 revs. 

11. An engine is running at 240 revolutions per minute when the 
steam is cut off, and the load removed at the same instant. The engine 

300 revolntiona before coming to rest. The flywheel weighs 2000 lbs. 
baa a radius of gyration of 3 feet. Fiiid the moment of resistance — 
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aesumed iudepcndent of speed ; and if the eagiuQ indicate 14 H.-P, under 
nonaai working conditiona, Sad the mecbanical e£Bciency of the engines — ' 
tlie moment of resiBtauce baiug assumed independent of load also. 
(Inst. C.E., Fob. 1905.) Ans. 94 IT). -ft., 0-694. 

12. A thm circular disk, 12 inches radiua, haa a prujecting axle I iaoh 
diameter on either side. The enda of this axle reat on two parallel 
inclined straight edges inclined at a slope of 1 in 40, the lower part of the 
disc hanging hetween the two, Tho diac rolls from rest, through 1 foot 
in 53| seconds. Neglecting tho weight of the axle and frictional 
resifitauces, And the valiio of g. (Inst. C.E., Feh. 1906.) 

Ana. 31-58 ft./sec.« 

13. Find an expression for tho radius of gyration of a circular disc. 
An engine which develops 160 H.-P. on the shaft at its normal speed of 
75 revolutions per minute (and whose card-area does not alter with the 
speed), has a disc Hywhee] 10 feet diameter, weighing 12 tons. How 
long will it take to get up speed from rest, there heing no esternal load? 
{Inst. C.E., Oct 1904.) 
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7-3 seconds. 



14. A cast-iron flywheel 10 feet in diameter, with a rim 6 inches by 
6 inohee, ia rotating freely on a shaft at the rale of 100 reTolutions per 
minute. A brake which exerts a frictional retardation of 100 lbs. is 
applied to ita rim for 20 seconds. Find how much the speed of the fly- 
wheel is reduced (neglecting the weight of its arms). (InsL C.E., Feb, 
1900.) Am. 40 reva./min. 

15. Show how the resultant of two couples can be found, if they act 
in (i.)parallelplanes,(ii.) pianos not parallel. If four couples of 10, 18, 25, 
and 10 foot-lb. act on a rigid body in planes wliich all intersect in a line, 
but are inclined at angles of 30°, 60°, 90° respectively with the plane of 
the first-mentioned couple, find their resultant. (Inst. C.B., Feb. 1900.) 

An$. 80-5 ft-lbs, ; in plane inclined C2-2°. 
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In this chapter are discusaed the inertia forces due to different 
masaea fixed to and revolving with a shaft, the angular speed 
being unifomi. Each inertia force is represented by a 
localized vector drawn from the centre of the mass perpen- 
dicular to the axis of the shaft. The various vectors, 
therefore, revolve with the shaft, but preserve the same 
relative position. Therefore, they may be compounded and 
resolved as if the shaft were at rest. The various com- 
ponents or resultants being fixed relative to the shaft, they, 
of course, revolve with the shaft ; each vector turning in a 
transverse plane. 

(1) Mass-moment-— In soct. 1, Chap. II., it has been 
proved that a mass m, fixed at a radius r from the axis of a 
shaft turning with uniform angular speed w, gives rise to a 
radial or centrifugal force of magnitude mrw^jg. Similar 
expressions m%rzi>y^jg, m^^/^'^jg, . . . hold for the inertia forces of 
masses ma, wig, . . . fixed to the same shaft at radii, r^, rg . . , 
respectively. Each inertia force is represented by a localized 
vector drawn radially outwards from the axis of the shaft, 
passing through the centre of the mass. As the shaft rotates 
the various force vectors rotate with it. Since the factor w^/f/ 
is common to all the expressions for the inertia forces due to 
masses fixed to the same shaft, leaving the expressions wiiri, 
marg, Tn^rg ... for the individual masses, it will be con- 
venient in discussing problems relating to inertia forces to 
deal with these latter expressions, instead of the actual inertia 
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forces, which, of course, vary aa the speed w of the shaft 
varies, mif], m^o, msTg ... are evidently localized vector 
quantities, and can therefore he compounded and resolved 
by the methods of Chap. II. miVi may be called the mass- 
moment of the mass mi at radius ri. The vector diagrams, 
similar to Kigs. 6, 8, 10, and 12, Chap, II., when drawn for 
mass-moments, may he called mr vector-polygons. 

If the radii fi, ra are unequal, the masses wii, ma , . . may 
be replaced by corresponding masses Mi, Ma . , , all at the 
same distance E from the centre of the shaft, provided 
MiE = TtiiTi, etc. In complex problems, it will often be 
convenient to speak of the masses Mi, Ma . , . etc., all at 
the same distance E, instead of the mass-moments wh''i. 

^B (2) Masses in the Same Plane of Revolution,— The 





'r vecfar pol/gon 



given masses being rigidly fixed to the shaft, in the relative 
positions shown in Fig, 1, the various values of mr are calcu- 
lated, and the rnr vector-polygon (Fig, 2) drawn, with the 
sides of length miri, di^^ . . . drawn parallel to vi, r^ . . . 
respectively (Fig. 1). If and K are the initial and final 
puints of the mr vector-polygon, the resultant Smr is deter- 
mined by the vector OR. The inertia forces due to the 
given masses can be balanced by a single mass M at radius 
R (Fig, 1), the radius R (Fig. 1) being drawn parallel to the 
closing side RO (Fig, 1) of the mr vector-polygon ; 
Vector ME = - vector 'S.mr. 
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Ak a particulur f)xiimiil« of tho almvo, oviddutly a 
Biiiglo moss ini at riuliua ri can l>e lifilancetl by n. miuts 
nig at a radius r^ oppoaita to ri (i,e. the aiiglu botwecii 
ri and rj is 180"); tLo muaS' momenta m,ri and jn^t tjoiiig 
equal. 

(3) mrl Link-polygon.— When tho maaaeB rigi-lly fixed 
to a rotatiug nhiift, or Lho inertia forcoa duo to them, oro in 
difTeront pianos of rovoliitiun, they give me to longitiulinttl 
ooiiplefl, or Iwndiujj momontH, on tho Bhaft. If the inortia 
forcoH ore all in the Baino lotigitudiual plane, tho mothoiJs 
diHCUsaed in BectH, 10 and 11, Oliap, II., can t>e employed, 
Tho inertia force mirjw'/f/ duo to a mMS mi at ratlins ri, in 
the plane of revolution Ai (Fig. 11, Chap. II.), is oi^uivalont 
to nn e^ual parallel force iu tho piano nl revolution K, plus 
tho couplo of trnusforonco rtiiriliui'lf/, l\ being the diatanco 
between the piano.? of revolution Ai and K. Otherwise 
Btatod, tho inertia force 7n,,riu)'jff at A, produces on tlie noc- 
tion K an equal shearing force, and a bonding moment 
mtTihio^l!/ in the longitudinal piano pansing through the axis 
of tho shaft and the mass mt iu the piano of revolution A,. 
Instead of drawing tho linit-jjolygon for tho actual longitu- 
dinal oonplos or liemling momonts, it will bo convenient 
(for the reosonn stated in sect. 1), tn regard it as yiving 
the various values of mH at tho various seotiims of tho shaft, 
Tlio link-polygon (Fig. 11, (Jhnp, II.) may then ho callM the 
mrl link-polygon. Tho actiml value of tho longitudinal 
couple or Iwnding moment at any section of tho shaft in 
then obtained by multiplying the intercejit of tho mrl link- 
pfjlygon itt that miction \'y tho faotor i>j'/.'/. 

(4) Masses in the Same Longitudinal PIane.~'nio 
linear diagram (Fig. 3) shows tho pfisitinu of the given masso.'i, 
mi, ffJa. "*3. '"ii "l' rigidly fixed to tho shaft iu tho same longi- 
tudinal plane (the [iluno of the paper) at radii ri, rq, r^, r,, 
respectively, tho distances heLwoen thoir plauos of revolution 
being also given. Using tlie notation doscriboil in sect. 10, 
Chap, 11 , the mr vector-polygon is drawn, and the pole 
taken nt any convenient distance H from the lino of tho mr 
vectors. Tho mrl Unk-ptdygon is drawn below the linear 
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diagram, an oxplntnod in hocI. 10, Chap, II. The rosiiltaDb 
£»(r in mooHuroii hy ac hi tlic mr diagram, and its plane 
ia vortioally ovor/, tlio i)olnt nf iiitoraootlon of tlio two Hides 
of the mrl link-polygnn rcmpeotivoly pnrallrd to the inibial 
and fliial radius vectors Ua aud Ud or tlio mr diagram. The 




'rOBuUnnt inortiii f'urou T is U(iuul Iuupx w'/ff, and ia in tlio 
trauBvorno piano of /. If tho mr voctor-polygoii ia closed, 
there is no roaullaut inertia force, but thcro will l)o a 
resultant inurtia couple unless the mrl link-polygon Is alHo 
doBod, 

(fi) Pressure on Bearings.— If a singlo bearing were 
placed at tlio plane of /, tlio foroo of reaction on tlio shaft 
would be etjual and oppoHito to h\ and would oquilibnite the 
inertia forces due to tho given maHsos. If tvi'o bearingH wore 
placed at Qi and Qa rompoctively, tho tnrl ]ink-i>o1ygon is 
finished an shown by the vertical linon, by drawing piqi, and 
Ptqa puruUol to Oa and Oe rcBpoctivoly, to moot the vortlcoli 
throu^b Qi rind Qu al, 1/, and i/.j roHjiiictivoly. The oloning 
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liue qiQa of tlie link-polygon deterniinoB tiie radius vector 
Oi^, Thus the rcacLions/t and /a of tho bearings at Qi and 
Qg are (/« X w^l;/ and ^j x i^^jg respectively. 

(G) Balancing of Masses in the Same Longitudinal 
Plane.— Evidently, from Fig. 3, tho given masses can 
bo balanced by a single mass M placed at radiua K in 
the plane of / such that ME ia represented on the mr 
diagram by ta. For in this case tho mr voctor-polygon 
is closed, and the mrl link-polygon pip-spap* f is also 
closed. 

Instead of balancing by a single raa,9s, as above described, 
it is often more convenient to use two balance masses, which 
may be in any two planes selected arbitrarily, If Qi and 
Qa be the planes of revolution of the two balance masses 
Mi and Ma at radii Ei, Ea reepoctively, then evidently MiRi 
= qa and M^Ea = eq. 

This method ia applicable even when there is no resultant 
force, but only a resultant couple. 

(7) Example, Single Revolving Mass.— Fig. 4 shows 
I solution of 



t ills example, the bearings 
Qi and Qa being shown at 
unec[ual distances a and i 
from the plane of revolu- 
tion of the mass mi- If 
no balance masses are 
used, the inertia force 
doe to nil at radius rj ia 
F=mirii>,7ff. Tho re- 
actions /i and /a at the 
bearings Qi and Qa are 
evidently equal to 

7— ^-TT F and — ^, V respectively. 
(a + b) a+b 

t, "The single mass mi may be balanced by masses Mi and 

Ma at radii Ej and Ea in the planes of revolution Qi and Qa 

respectively 




mrl linkfol/qon 



MiEi = 



(« + 6) 



MaEa^ 



(« + i) 
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This CMe occutb in many practical problems of design, 
the mass of a crank being usually balanced by two masses, 
one on each side of the piano of revolution. 

Fig. 5 shows the mr vector-polygon and mrl link- 




1 when the mass is overhung, i.e. when the planes 
Qi and Qa are on the same side of the plane of revolution 
of mi. 

(8) Two Cranks at 18O". — Let the two masses mi and 




. ma be equal, and be at equal radii, i.e. lUiri = vi^r^ (Fig. 6J. 
The mr vector-polygon and mrl link-polygon are drawn as 



w 
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shown in Fig. 6. The mr vector-polygon abe is closed; 
therefore there is no resultant inertia force. The mrl 
link-polygon aba is not closed, the two sides a and e heing 
parallel ; there ia, therefore, a resultant couple, its mrl being 
measured by the vertical intercept between the lines a and c 
of the mrl diagram. 

If no balance masses are used, the reactions /i and /a at 
the bearings Qi and Qa are obtained by drawing the closing 
line g of the mrl link-polygon, and drawing the parallel 
radius vector Oj in the mr vector-polygon 

The balance may be effected by two masses Mj and Mg 
at radii Ei and Ea in the planes of revolution Qi and Qa 
respectively 

MiEi = qa MA = '^1 

The shaded portion of the rnrl diagram is the bending- 
moment diagram of the crank-shaft. 

(9) FourCranks in the Same Longitudinal Plane. — 
In a motor-car four-cylinder engine, the four masses revolving 




with the crank-shaft are equal and are at equal radii. The 
cranks are arranged as shown in Fig. 7, the distances h and 
d between pairs of centres being equal. In this case the 
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ffir vector-polygon aud inrl liEk-polygon are each closed, 
and there is, therefore, no unbalanced force or couple. 

(10) Masses in Different Longitudinal and Transverse 
Planes. — In Fig, 8, the longitudinal elevation shows the 



'-A 




x^ mr diagram 



distances between the planes of revolution (transverse planes) 
of the given masses mi, m^, ma, m*, and the end elevation 
shows the radii r^, r%, r%, n, and the relative angular position 
of the given masses. The end elevation may be called the 



42 



BALANCING OF ENGINES 



crank-angle diagram. If the inertia forces of the gi 
ilo not balance, i.e. if they have a resultant force, or a resultant 
couple, or both, pressure at the bearings will be induced. If 
the frame supporting the beaiings ia bolted to a rigid founda- 
tion, the axis of the shaft cannot move ; therefore, the external 
forces acting on the shaft must be in equilibrium, But the 
reactions of the bearings due to the inertia forces, combined 
with the inertia forces of the given masses, form the system 
of external forces acting on the shaft, and are, therefore, in 
equilibrium among themselves. The bearings are assumed 
at any two positions Qi and Qa, and their reactions being 
determined, the straining action at any section of the shaft 
is determinate. 

(-11) mr Vector- polygon. — The various inertia forces for 
the given masses may all be transferred to the same transverse 
plane ; the position of the chosen plane being immaterial as 
regards the forces, although the couples of transfereuce will 
depend on the chosen position (sect. 6, Chap. II.). The 
inertia forces may, therefore, be considered all transfeixed 
to the plane of the paper on the crank-angle diagram. 
The magnitude and angular position of the resultant inertia 
force F is then determined by drawing the mr vector- 
polygon; the resultant mr being as before the closing line 
of the vector-polygon. The resultant inertia force F ia 
equilibrated by the components /i' and /a' of the forces of 
reaotiona Fi and Fa at the bearings Qi and Qa lying in the 
same longitudinal plane at F. But the reactions Fi and 
Fa of the bearings at Qi and Qg may have two equal and 
opposite components /i" and /a" in a longitudinal plane at 
right angles to the plane of F, for then the resultant of 
fi' and /a" is zero. That is, fi' and /a" may be two equal and 
parallel but opposite forces, forming a couple in the longi- 
tudinal plane at right angles to F, or having its axis in the 
direction of F, Thus, in general, the inertia forces of the 
given masses have a resultant force and a i-esultant couple. 

(12) mrl Link-polygons. Resultant Couple.— To 
determine the resultant couple, the procedure is as follows : 
Having drawn the mr vector-polygon, draw two axes, OX and 



I 
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OY respectively at right angles aud parallel to ae (Fig. 8), 
the resultant mr vector. OX and OY may be con.'^idered as 
traces of longitudioal planes rotating with the abaft. Project 
the comers of the mr vector-polygon on these axes. Each mr 
may be resolved iato two components in these planes. Next 
rotate the axis OY about into the position OYi, at right 
angles to the axis of the longitudinal diagram, carrying with it 
the component 7iir vector-polygon a'h'c'd'e'. Similarly rotate 
OX with the component mr vector-polygon a"b"c"d"e". Taking 
any pole 0', and joining it to the corners a'i'c'd'e' of the mr 
vector-polygon, the mrl link-polygon in the plane OY is 
drawn. The intersection of the sides a and e of the mrl link- 
polygon determines the position of the force F. The radius 
■vector O'q' parallel to the closing side q of the mrl link- 
polygon determines ^a', and e'q' which, multiplied by 01"/^, 
give the components /i' and /a' of the forces at the bearings 
Qi and Qa in the plane of F, 

The mrl link -polygon in the plane OX is then drawn in 
a similar manner. The two sides a and e ai'e parallel — that 
is, they meet at infinity, and the resultant couple is measured 
by the vei-tieal intercept between them. The ec[uitibrating 
couple is formed by the forces /l" and /a" at the beaiinga 
Qi and Qa ; these are determined as explained above, by the 
closing aide q of the mrl link-polygon, and are respectively 
q"a" and e"y" mnltiphed by w^/^. 

If the mr vector-polygon is closed, the axes OX and OY 
for the mrl diagrams may be taken in any position ; it is 
most convenient then fco take them respectively parallel and 
at right angles to the axis of the longitudinal diagram. 
The points a aud e of the mr vector-polygon, in this case, 
coincide; the constructions for finding the point q in the 
WW vector-polygon are exactly the same as shown in Fig. 8 ; 
tut Fi and Fa are er[ual, parallel, and opposite. 

(13) Pressure on Bearings.— Lastly, projecting and 
rotating y" and 9" back into the mr vector-polygon, we obtain 
the point q; aud the vectors qa and eq multiplied by w^'/g 
give the actual magnitudes and directions of the forces F 
and Fa at the bearings Qi and Q^ respectively. 



I 
I 

L 



44 



BALANCING OF ENGINES 



At any section K the vertical iutercepta oa the 
polygons give the component bending moments at 
section. If desired, the resultant bending moment at the 
section may be found in magnitude and direction by com- 
pounding as in sect. 11, Chap. 11. 

(14) mrf Vector-polygon. Resultant Transference 
Couple. — Keverting to Fig. 8, the inertia forces due to the 
given masses are equivalent to equal parallel forces all lying 
in the same transverse plane, together with the various 
transference couples. Each transference couple lies in the 
axial plane of the mass, and the axis of the couple is at 
right angles to the axial plane of the mass. The moment of 
the transference couple of the mass mi is mirilna^jg, where h is 
the axial distance between the plane of revolution of m^ and the 
plane to which the inertia force is transferred. The trans- 
ference couple, or the quantity miri/i, can therefore be repre- 
sented by a vector in a direction at right angles to the crank 
mi. The resultant transference couple is therefore found by 
drawing an inrl vector-polygon, the sides of which are at 
right angles to the mr vector-polygon. 

In problems relating to inertia forces of masses revolving 
with a shaft, the planes of the various transference couples 
all intersect in the same straight line, the axis of the shaft. 
The axes of the transference couples may therefore all be 
taken in the same plane at right angles to the axis of the 
abaft, that is, in a plane of revolution which may be the 
plane of transference. In actually drawing the couple 
vectors, it is more convenient to rotate the mrl vector- 
polygon through a right angle, so that its sides are then 
parallel to those of the mr vector-polygon. In drawing 
the mfl veotor-polygon, attention must be paid to the 
algebraic sign of I, the distance of the mass from the 
chosen plane of transference. If the masses mg and mg 
are on opposite sides of the plane of transference, and 
vector m^rj-^ is drawn in the same sense as vector ma^a, 
the vector m^^l^ must be drawn in the sense opposite to 
vector Tn^r^. 

Fig. 9 shows the mrl voctor-polygon for the masses 
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tffli, 7^3, ma, Hi4, the massea Mi and Ma at Qi and Q3 respec- 
tively (Fig. 8), the plane of transference being the plane of 
revolution of F. The vector ae is the resultant mrl for the 
four masses mi, m,^, OTb, m^, and therefore 
agrees with the intercept between the 
lines a and e of the mTl link-polygon 
in the plane OX (Fig. 8). The mrl vec- 
tor ae is at right angles to the mr vector 
ae. If at any plane of transference the 
couple is zero, the mrl polygon must he 
closed. It follows, therefore, that if the 
given masses are balanced among them- 
selves, the mrl vector-polygon is closed, 
whatever plane of transference be chosen. 

If at a certain plane of transference the mrl vector- 
polygon is closed, it does not necessarily follow that the 
given masses are balanced among themselvea. If there ia a 
resultant force, but no resultant couple, the inrl polygon will 
be closed when the plane of transference coincides with 
the plane of revolution of the resultant force, but not 
otherwise. 

If there is no resultant force, but a resultant couple, the 
unclosed side of the mrl vector-polygon ia the same, what- 
ever plane of transference be taken. 

(15) Balancing of Revolving Masses. — From the 
above discussion, it is evident that any number of masses 
rigidly fixed to and revolving with a shaft may, in genei-al, 
bo balanced by two masses in any two planes chosen at 
random. Thus, at the planes Qi and Qa (Fig. 8), if masses 
Ml and Ms be fixed in such positions that MiRi and M2E2 
are represented in the mr diagram by the vectors qa and cq 
respectively, the mr vector-polygon for all the masses, and 
both the mrl link-polygons are closed ; the resultant force 
and resultant couple are each zero. There is then no inertia 
forces on the bearings. 

(16) Recapitulation of General Graphical Method.— 
The methods discussed in sects. 10-15 above, and illustrated 
in Fig. 8, may be recapitulated thus — 
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Given auy number of masses fixed to, and revolving with, 
a shaft. T!ie inertia forces are equilibrated by the reactions 
gf the bearings of the aliafb. Two bearings at any assumed 
positions Qj and Qa evidently provide the necessary con- 
straint. The problem graphically solved in Fig. 8 is therefore 
to find the magnitude and direction of the two equilibrating 
forces at the two positions Qi and Qa- These equilibrating 
forces at Qi and Qa may be due either to (1) reaction of tho 
bearings assumed at Qi andQa, or to (2) counterbalance masses 
placed in the planes of revolution at Qi and Qa. Thus tho 
problems of (1) finding tho reactioaa at the two bearings, and 
(2) finding two counterbalance masses one in each of two 
given pianos, are identical. 

The resultant of the ineri,ia forces due to tho given masses 
reduces, in general, to a force and a couple, the axis of the 
couple being in the same direction as the force. Tho longi- 
tudinal and crank-angle diagrams defining the positions of 
the given masses being drawn, the procedure is as follows : — 

1. Draw the mi- vector-polygon, its sides being parallel to 
the corresponding cranks on tho crank -angle diagram. The 
closing side ea of the mr vector- polygon is the mr for the 
equilibrating forces. 

2. Draw an asis, OY, parallel to the closing aide of the 
mr polygon, and an axis, OX, at right anglea Project the 
sides of the mr polygon on to OY and OX respectively. 
Swing the axes OX and OY with their various points, into 
directions OXi and OYi at right angles to the axis of the 
shaft in tho longitudinal diagram. 

3. Take a pole, 0, in any convenient position, join it to 
the various points in OYi, and draw the mrl link-polygon in 
plane OY. The intersection / of the first and last sides, a 
and 6, of the link -polygon determines the plane of the resultnnt 
inertia force F due to the given masses. The intersections of 
the first and last sides, a and e, with the places Qi and Qa 
respectively, determine the closing side q of the mrl link- 
polygon. Draw Oq' in the vtr di^jram parallel to the closing 
side q of the mrl link-polygon, thus determining the com- 
ponents in the plane OY of the mr's at Qi and Qj, 
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4 Similarly, draw the mrl link-polygon in the plane OX. 
le first and last aides, a and e, are parallel, the vertical 
intercept between Lliem giving tlie mrl of the resultant couplo 
due to the given masses. The interseotiona of a and e with 
Qi and Qa determioos the closing side q of the mrl link- 
polygon. Draw Oq" in the mr diagram parallel to q, thua 
determining the componenta in the plane OX of the mr'a at 
Qi and Q^. 

5. From q' and q", by rotation and projection back into 

kthe tnr vector-polygon, the point q is determined, qa is the 
vector MiBi at Qi, eq the vector M3R3 at Qa. 
6. At any transverse section, the vertical intercepts of the 
doaed mrl vector-polygon a, multiplied by to^jg give the com- 
ponent bending momenta due to the inertia forces, in two 
|danes at right angles. The resultant may be found by the 
method of sect. 11, Chapter II. 
I (17) Example : Balancing a Locomotive Crank-axle. 

— Data : Stroke 26", distance between centres of cylinders 
I (inaide) 23", distance between centres of driving-wheels, 5 ft,, 

L two cranks at right angles, mass considered fixed at centre of 
l«ach crank-pin 240 lbs. Find positions and magnitudes of 
■■balance masses in driving-wheels. 

Fig. 10 shows the complete graphical solution. The 

I two cranks being drawn at 45° on each side of the ver- 

I tical in the crank-angle diagram, the resultant mr for the 

two given niassea is parallel to the axis OY in the mr 

1 diagram. 

The values of the vectors qa and cq for MiRi and MjEa 
I are independent of the scales to which the diagrams are 
I drawn. They each measure 196 Ib.-ft., i.e. a mass of 98 lbs. 
t at a radiua 2 ft, is required in each driving-wheeL The 
[ angle maOMa between the crank-pin and the balance mass in 
1 the corresponding driving-wheel measures 156°. But if it 
I be desired to use tlie mrl diagrams to find tlie bending 
I moment at any section of the shaft, it is convenient to use 
I lbs. and ft. as the units. The scales used are ahown at the 
I foot of the diagram. In the original drawing from which 
I Fig. 10 haa been reduced, the scales were ae follows : linear 
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scale, 1 inch = 2 feet ; mr Hoale, 1 inch = 200 lb. -ft, ; H the 
polar diBtancB was taken, 1 inch = 200 lb, -ft. ; therefore the 
mrl scale is 1 inch = 400 Ib.-ft^. 

The maximum ordinates of the mi-l diagrams in the 
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planes of OX and OY are at the crank-pin centres, and 
measure 108 and 288 lb,-ft.^ respectively. Combining them, 
the resultant mrl is 
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I If the driving-wheola are 6 ft. 6 in. diameter, i.e. 3'25 ft. 
radius, and the maximum speed is 80 miles an hour. 



" 3600 X 3'25 - 
361 X 361 



i The bending moment at the crank-pin due to the inertia 
I" forces is therefore 

40-7 X 307 = 12,500 Ib.-ft. 
= 150,000 Ib.-in. 

In the above case of a symmetrieal two-crank shaft, 
the position of the balance masses M] and Mj, relative to 
the given masea m^ and m^, can be quickly calculated. I^et 
Ml = Ma = mi = wia. Tlien, in the crank-angle diagram, the 
lines joining Mi to Ma and mi to rui must be parallel, and at 
equal distances on opposite aides of 0. Also, the distances 
mima and MiMa are inversely proportional to the corre- 
sponding given axial distances between the planes of 
revolution. Thus the angular positions of Mi and M3 are 
determined ; these remain unaltered, even if Mi and Ma are 
not equal to mi and ma. 

If the axle is left unbalanced, the unbalanced forces 
between the driving-wheels and rails will be due to the mr 
vectors aq and y c respectively. Generally, let m be equal to 
each of the unbalanced masses mi and uig, r the radius of 
the cranks, I the distance between the planes of revolution 
of the cranks 1 and 2, L the distance between the planes of 
contact of the diiving-wheels Qi and Qa with the rails. 

The unbalanced mr vector aa is in the plane OY, and 
the plane of rotation is midway between the two cranks. Its 
' value is 

\/2iRr (1) 

[ Aa the axle rotates, this causea a variation of the total 

I pressure of the two driving-wheels on the rails, at one 

instant diminishing the total pressure of adhesion, and 180° 
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later increasing the total pressure. Also, when the rotating 
vector ac is horizontal, the unbalanced force ia parallel to 
the rail, and ia added to, or subtracted from, the horizontal 
driving effort duo to the engine torque, Tliis is equivalent 
to two equal parallel vectors rotating in the planes Qi and 
Qa respectively, each equal to 



VA2" 



C2) 



The unbalanced mrl vector is H x the intercept y 
between the parallel lines a and c of the mrl link-polygon in 
the plane OX. From similar triangles 

1 
,„ , —^jmr 
y ^ah" _ \/2 



% = 



\/2 



that is, the unbalanced mrl vector ia 



(3) 



When the plane OX rotating with the axle is horizontal, 
a swaying couple is produced ; when OX is vertical, a 
transverse rocking couple. This mrl vector is equivalent 
to two equal opposite parallel inr vectors in the planes Qi 
and Qa respectively, each equal to 



\/2 L 



(4) 



The mr vectors (2) and (4) in the plane of revolution Qi 
are at right angles to each other. Consequently, their 
resultant, which is o^ in the mr vector-polygon (Fig, 10), is 



of 



•Vii^+a)"} 



(5) 



and is the mr vector which determines the variation of load 
on each rail, due to the unbalanced revolving masses. 
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If the osprcssiona (I), (3), and (5) be multiplied by i,>^/if, 
they give respectively tlio greatest variation of vertical 
proaaure available for adhesion and of tangential driving effort 
at the rails, greatest rocking couple and swaying couple, and 
greatest variation of vertical pressure on each rail (the so- 
ealled hammer-blow effect). 

The half-angle between the balance masses, if fitted, ia 
evidently 

tau-^ //L (6) 

(18) Example: Three Cranks at 120°.— Fig. 11 sbowa 
the graphical solution for three equal masses, m, at equal 
radii r, with equal distances, I, between the cranks. Taking 
the axis OY in the plane of one of the cranks, the mr vector- 
polygon is closed, the mrl link-polygon in the plane OY ia 
closed, but the mrl link-polygon in the plane OX is not 
closed, showing there is a resultant inertia couple in the 
plane OX. Two equal balance masses Mi and Ma in the 
planes of revolution Qi and Qa respectively will effect a 
balance. The value of the mrl of the resultant inertia 
couple, if left unbalanced, can be easily calculated as 
follows : The triangles 133' and Oc"a" are similar, there- 
fore 

II = ^ U 3'3 X Oa" = 13' X a"c". 
13 0« 

But 3'3 X Oa" is the value ot mrl for the resultant couple, 

13' = 21, and a"c" = -^mr 
.: mrl of resultant couple = "^Svi^-l ... (7) 

(19) Example : Six Cranks at 120°. — In a six-cylinder 
petrol engine, the cranks are arranged as two seta, shown in 

, Fig. 11 ; the resultant couple of one set being equal and 
osite to that of the other set. Numbering the cranks in 
order 1, 2, 3, 4, 5, 6 in the longitudinal elevation, in the end 
elevation the cranks overlap in pairs 1, 6 ; 2, 5 ; 3, 4. The 
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C. The mrl vector-polygons with reference to two distinct 
transverse planes must be closed. 

From the discussion in sects. 10-15, and illustrated in 
Fig. 8, it is evident that a number of revolving masses iu 
given transverse planes may be balanced among themselves, 
provided we are at liberty to assign or calculate the two 
crank-angles and the two mr'a for two of the masses ; that 
ia, four items in all, the other data being given arbitrarily or 
definitely. More generally, the data as to distance between 
planes of revolution, erank-angles and mr'a, may be all 
given arbitrarily, with the exception of four items ; which 
must depend on, and be calculated from, the given data ao as 
bo satisfy the conditions of balance. 

(21) Number of Variables required to specify n 
Masses.— To specify the magnitude and pouition of the 
inertia foixie due to one mass, three items, or variables, are 
required, viz. (1) the mass moment miri, or the equivalent 
mass Ml reduced to a fixed radius R (sect. 1) ; (2) the distance 
^1 of its plane of revolution from any transverse plane 
of reference ; and (3) the angle 9i which the radius r-y makes 
with an axial plane of reference revolving with the shaft. 
There are, therefore, apparently 3« variables required to 
specify n masses. But the mr vector-polygon will not be 
altered, except in size, if the various mr'n be multiplied or 
divided by a common factor ; in other words, their various 
ratios determine the shape of the mr vector-polygon, if the 
crank angles are given. If we exclude the possible case of 
all the inr's being zero, one of them must be given. There- 
fore, the independent mr variables are {w — 1) in number. 
Taking the position of one crank as reference line, (jt — 1) 
angles define the positions of all the cranks, thus the inde- 
pendent crank-augle variables are {n — \) in number. 
Taking one plane of revolution^ as reference, the others are 
determined by (n - 1) distances. But the two mrl link- 
polygons, or the mrl vector- polygons, are not altered in shape 
if the various distances between the transverse planes be 
multiplied or divided by a constant factor. The {n — 1) dis- 
tances determine (?t — 2) ratios, therefore [n — 2) is the 
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number of independent variables defining the relative 
positions oi the planes of revolution. Aaauming one of the 
diatancea to be given, we thus exclude the poaaible case of 
all the distances being zero, which would mean that all 
cranks were in the same plane of revolution. Thus the 
total number of variabloa concerned in the problem of Jt 
revolving masses is (3k — 4) ; one value of mr, one crank 
position and one distance between two planes of revolu- 
tion, being taken to serve as datum to which the other 
(3)1 — 4) variable3 are referred. If the n masses are to be 
in balance, 4 items must be left to be determined, and 
(3n — 8) items, or (3ti — 8} relations between the variables, 
may be given arbitrarily. Of the 4 variables to be deter- 
mined, not more than (n — 1) should relate to the mr's, not 
more tban (w — 1) to the crank angles, and not more than 
(?i - 2) to the distances between the planes of revolution. 

(22) Example : Two Masses.— From sect. 2, Chap. II., 
it is evident that two revolving masses can only be in 
balance if they are in the same plane of revolution, at an 
angle of 180" with each other. 

Three Revolving Masses in Balance- — The number of 

variables that can be given arbitrarily ia 3x3 — 8 = 1. 

That ia, besides one mass-moment, one crank 

direction, and one distance between two 

planes of revolution, we can select only one 

other variable arbitrarily. Drawing the mrl 

vector-polygon (Fig. 12), with reference to 

^■> j^ the plane of revolution of the mass mj, it 

reduces to two equal and opposite vectors 

CA and AB, the vector BC or vtirili being 

zero. Therefore algebraically 

m^r^ + «iWa = .... (1) 

The aidca of the mr vector-triangle CAB are parallel to those 
(if the mrl vector-polygon. Therefore algebraically 

iniri + m-iTs + Migj-s = . . , . (2) 

and the three masses must lie iu the same axial plane. 
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If the given arbitrary variable be either an mr or an I, 
equations (1) and (2) serve to determine the remaining 
variablea. 

If the given arbitrary variable is an angle between two 
cranks 1 and 2, the two vector-trianglea being parallel, the 
aides EC are each of zero length, and B and C coincide in 
the mr vector-triangle. That is 

m^ = and m^i = —m^ . . (3) 

From (1) and (3), it follows that 4 = ^a ; that is, the planes 
of revolution of m^ and Jng are identical. The solution with 
the given data, reducing masses to equal radii, therefore 
requires that iiii is zero, wia = »i3, and the masses wta and 7*13 
B in the same plane of revolution, at an angle of 180°. 



EXBRCiaBS. 

1. TvfO massea 12 and IS lbs. revolving in the samo plane at radii 30 
and 10 inches respectively, inclinod at an angle of 120° to each other, aro 
to be balanced by a masa of 20 Iba. Find the position of the latter. 

Am. Radios IB'OQ ina. at 90° with lO-inch radius. 

2. To a rotating disc, 6 masses of 8, 20, 8, 16, 10, 24 lbs. are fastened 
all at the same radius and at equal angles. Find the magnitude and 
position of a masa fastened at the same radiua which will balance the 

Alts. 7'21 lbs. between 24 and 8 lb. maseos, at 46'2° with the latter. 

3. The crank and crank-pin of an engine are equivalent to a raaas of 
200 lbs. at 12 inches radius, the bearinga are 28 inches apart centre to 
oentre. Find the pressure on the bearinga due to iiiertia, at a speed of 
300 revolutions per minute. Am, 3064 lbs. on each. 

4. In example 3, balance masses are fastened, one to an extension of 
one of the crank cheeks 8 inches from the plane of motion of the connect- 
ing-rod, the other to a driving-pulley 20 inches from the phine of motion. 
The radiua of the former is 20 inches, of the latter 30 inches. Determine 
the masses (a) when on opposite sides of the connecting-rod, (i) when on 
tie same side. Am. (a) 85-7 and 22'B lbs. (6) 212-5 and 533 lbs. 

5. Two cranks at right angles are 12 inches radius, 20 inches between 
planes of motion of connecting-rods, the equivalent revolving massea at 
the crank-pina are each 500 lbs. Find the magnitude and relative position 
of balance masaeseach at 30 inches radiua, in planes 5 feet apart ajmmetri- 
oaily disposed relative to the two cranks. 

Ajis. 1411*1 lbs., 37° between balance raasses. 
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6. Fonr cranks of equal radias 10 inches arc at eqaal axial diBtanccB 
15 inches along the crank -shcift. The middle pair are at 90°, a 
each a mass of 100 lbs. at the crank-pin. Determine the tnasses ai 
of lie outside pair, so that the four raasaea may be self-balanced. 

Ans. 7i"5 lbs,, 37° between outside 

7. rive cranks of equal radiuB 10 inches are at equal axial distances 
15 inches along the crank-Bhaft. The middle three are at angles of 72°, 
and have each a mass of 100 lbs. at the crank-pin. Find the masses and 
angles of the outside cranks, so that the five masses may bo self-balanced. 

Ans. 94'0 lbs., 138^° between cranka 1 and 2. 

8. Iq example 7, if the three middle cranks are at 120°, find the 
masses and angles of the outside cranks. 

Ans. 43'3 lbs., 150° between cranks 1 and 2. 

9. In e.tamples 3, 4, 5, 6, and 7, draw curves showing the relative 
bending moments at different parts of the shafts, and state the amount of 
the greatest bending moment on each abaft for an engine speed of 150 
revolutions per miaute.- 

Ans. (3) 10,724 Ib.-m.; (4a) 8745 Ib.-in. ; (46) 12,250 Ib.-in.; (5) 
57,080 lb. -in. ; (6) 7195 Ih.-in. ; (7) 18,441 Ib.-m. 

10. Two mafises of 10 lbs. and 20 lbs. respectively, are attached to a 
balanced diso at an angular distance apart of 90° and at radii of 2 feet and 
3 feet respectively. Find the resultant force on the aiis when the disc ia 
making 200 turns a minute ; and determine the angular position and 
magnitude of a mass placed at 2'5 feet radius which will moke the force 
on the axis zero at all speeds. (lost. C.E., Oct. 1903.) 

Ans. 866 lbs. weight, 26'3 lbs., at 108J= with 10 lbs. mass. 

11. A shaft, 10 feet span between the bearings, carries two weights of 
10 lbs. acting at the extremities of anna IJ feetand 2 feet long respectively ; 
the planes in which the weights rotate being 4 feet and 8 feet respectively 
from the left-hand bearing, and the angle between the arms GO". If the 
speed cf rotation be 100 revolutions per minute, find the displacing forces 
on the bearings. Moreover, if the weights are balanced by two additional 
rotating weights, each acting at a radius of 1 foot, and placed in planes 
1 foot from each bearing respectively, estimate the mognitudes of the 
two balance weights and the angles at which they must be set relative to 
the two arms. (Inst. C.E., Feb. 1004.) 

Ans. Forces = 39*27 and G704 lbs. weight, masses 10-84 and 20'89 
lbs., at angles 168° 20', and 163° 50', with IJ ft. and 2 ft. arms. 

12. In the previous example, determine in both cases the greatest 
bending moment on the shaft. Ane. 2056, 1770 Ib.-in. 

13. In an inside- cylinder locomotivo, the stroke ia 26 inches, the 
distance between centres of cylinders is 23 inches, the revolving masses at 
e.ach crank-pin whicii have to he balanced 350 lbs., tiie distanca t>etween 
the planes of revolution of the two balance masses in the driving-wheels 
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is 4 feet 10 inohcB. If the balance maaseB are at 2 ft. G in. radias, doter- 
mine their magnitude and angular poaitjon relative to the cranks. 

Ann. 200 lbs. at 17-3 in. radina, 155° 40' mitli crank. 

14. In an on tside-oy Under locomotive, the distance between centres 
of cylindei'a is G feet 1 ioDh, the revolving masses at tUe crank-pina which 
have to be balanced are each 250 Iba.; the rest of the data is as id 
example 13. Determine the positions and magnitude of the balance 
weights. Ana. 200 lbs. at 18'47 m, radius, 186° 30' with crank-pin. 

15. In a shaft with three cranks at 120°, the crank-pin radius ia 
10 inches, diatance between adjacent cylinders 30 inches, the mass of each 
crank, redaced to crank-pin radius, is 150 lbs. Find the magnitude and 
relative angular position of two massea placed at 12 inctiea radius, and a.t 
76 iDcheB between their planes of revalution, so that there may be no 
presaure on the benringa due to inertia forces. 

Ans. 86'G lbs., at 150' with nearest crack. 
IG. In the three-crank shaft of example 15, tbe two outside cranks 
are overhung, and there are no balance weights. Find the pressure on 
the two hearings which ate 40 inches apart centre to centre, at a speed of 
200 revolutions per minute. Ans, 2210 lbs. 



CHAPTER IV 



MASSES RECiPROCATING IN THE SAME AXIAL 
PLANE; LONG CONNECTING-RODS 

In this chapter will be discussed the inertia forces due to the 
reciprocating masses of an engine, having the axes of its 
cylinders all in the same axial plane, or longitudinal plane 
passing through the axis of the crank-shaft. This embraces 
most examples of engines having two or more cylinders 
and cranks, e.g. the usual types of locomotive engine, marine 
engine, motor-car engine, etc. The discussion in this 
chapter does not take any account of the obliquity of the 
connecting-rod; i.e. the length of the connecting-rod is 
assumed infinite. The influence of the obliquity of the 
connecting-rod is discussed in Chapter VI. 

(1) Simple Harmonic Motion.— Let P (Fig. 1) be a 
point moving with uniform speed v 
in a circle of radius r. Draw any 
diameter XiOX of the circle, and 
draw Vp at right angles to OX. As 
P moves in the circle, p moves to 
and fro along the straight line 
XiOX. If the linear speed of P is 
constant, p is said to move with 
simple harmonic motion (S.H.M.). 
The period, or the periodic tiine, T, 
of the simple harmonic motion, is the time taken by P to 
make one revolution. 

In sect. 1, Chap. II., it has been shown that the acceleration 
53 
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of P ia in the direction PO, and ia of magnitude wV. 
Therefore, by choosing a suitable Bcale, the acceleration of P 
may be represented by the vector PO. From sect. 8, Chap. 
I., the aceeleration of p will be represented to the same scale 
by the vector pQ. Hence, in simple harmonic motion, the 
acceleration ia always directed towards the centre, and is 
proportional to the displacement from the centre. "When P 
at X, p and P coincide. Therefore, the maximum accelera- 
tion of p is equal to that of P, i.e. lu'V. See eq (2) Chap. II. 

If mr is the mass of the body at p moving with simple 
harmonic motion, the force acting on it to produce the 
motion is u>hn, x pt). The maximum value of the force 
occurs when p is at the end of its stroke, and is mrw^, or in 
gravitation units, F = mrm^lg (1) 

A heavy mass, m, suspended by a long spiral spring, 
banging vertically, if displaced from the position of rest, 
oscillates above and below its position of rest. The stretch 
of the spring is proportional to the force applied, and con- 
versely the pull on the lower end of the spring is proportional 
to its total extension. When the mass ia at its position of 
rest, the pull P on the spring is exactly equal to the weight 
W of the mass, and the resultant force F = (P-"W) acting 
on the mass is zero. When the mass is in any other position, 
the resultant force (P — W) is proportional to the displacement 
from the position of rest. Therefore, the motion is simple 
harmonic, neglecting frictioual resistances. For this case, 
equation (1) may be put in a more convenient form. Let 
T be the periodic time ; that is, the time of one complete 
up-and-down oscillation, and therefore also the tune of one 
revolution of the point P (Fig. 1). The angle of one 
complete revolution is equal to the angular speed multiplied 
by the time ; that is 

2jr = wT, or w = 27r/T . . 

(1) may be written 

V ,., - T 



Therefore 



= 2V"4 
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But r is the displacement, F the corresponding resultant 
force acting on the mass, therefore r/F ia constant, 
periodic time is therefore independent of the amplitude 
the oscillation. 

If the crank-shaft of an engine revolves uniformly, 
piston moves approximately with simple harmonic motion ; 
the deviation from simple harmonic motion heing due to the 
obHquity of the connecting-rod. The greater the ratio of 
connecting-rod length to stroke, the less is the deviation 
from simple harmonic motion. In this chapter, the recipro- 
cating parts of an engine will be considered as moving with 
simple harmonic motion. The inertia forces due to this 
simple harmonic motion are called the "primary" inertia 
forces, and the balancing of them may be called " primary 
balancing." The influence of the obliquity of the connecting- 
rod is discussed in Chapter VI. 

(2) Uniform Motion in a Circle Equivalent to Two 
S.H.M.'s at Right Angles.— In Fig. 1, draw a second 
diameter YiOY at right angles to XiOX, and draw Fj/ at 
right angles to OY, The motion of p' along YjOY is simple 
harmonic. The two simple harmonic motions of p and j/, 
differ only in phase; that of p' being later than that of p 
by the time of a c[uarter revolution of P, i.e. ^T. 

The uniform circular motion of a mass m at P, is 
equivalent to the simple harmonic motions of two equal 
masses m at ^ and p' respectively. For vector PO = vector 
po + vector^o. (Sect. 11, Chap. I.) 

From the above, it is readily seen that a smgle-cylinder 
engine cannot be balanced by any disposition of counter- 
balance masses fixed to, and revolving with, the crank-shaft. 
The piston, piston-rod, crosshead, etc., move approximately 
with simple harmonic motion along the line of stroke. By 
suitably fixing counterbalance masses to the crank-shaft the 
Inertia forces along the line of stroke due to the piston, etc., 
may be balanced, completely or partially ; but, in doing so, 
inertia forces in a direction at right angles to the plane 
passing through the axes of the shaft and cylinder are intro- 
duced. 
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[Similarly, iu a locomotive with two cylinders exactly 
horizontal, the inertia forces due to the pistona, etc., have 
no vertical component; they produce no "hammer blow" 
on the raila. If the two cranks were parallel, and sym- 
metrically situated with respect to the central vertical 
longitudinal plane, the inertia forces would merely produce 
an alternating accelerating and retarding effect on the frame 
of the engine. But the cranks being set at right angles, 
for ease of starting and uniformity of driving effort, the 
inertia forces of the two pistons are not in the same phase, 
and produce an alternating couple in a horizontal plane, 
tending to derail the engine. The horizontal inertia forces 
may he balanced partially or completely by eonnterbajanee 
masses rotating with the crank-shaft, thus reducing or 
eliminating the derailing tendency ; at the expense, however, 
of introducing vertical inertia forces giving hammer blows 
on the rail. This is further discussed in Cliapter V. 

(3) Simple Harmonic Motion equivalent to Two 
Uniform Circular Motions in Opposite Directions.— Let 
OP be the crank in any position, PC the connecting-rod, COX 
the line of stroke (Fig. 2). With C as centre and radius CP 




draw an arc cutting the Hue of stroke at Q. Let m be the mass 
of the parts rigidly connected to, and moving with, the cross- 
head C. The mass m may be considered as transferred to the 
point Q, since the accelerations, forces, etc., for the mass m at 
Q are exactly the same as for the mass m at C, or at any other 
point on the centre line of the piston-rod. 

Draw I'y perpendicular to OX, meeting OX at p, and 
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produce Pp to cut the crank-pin circle again at P'. The 
forces of a mass m, at p are the same as those for two 
each ^m at P and P' respectively; since p is their masa- 
centre. Therefore, the inertia forces due to the simple 
harmonic motion of the piston masses m reciprocating along 
the line of stroke COX, are the same as those due to a 
mass |m fixed to and moving with the real crank-pin, and a 
mass ^m fixed to an imaginary crank-pin revolving in the 
reverse direction ; the real and imaginary cranks coinciding 
with each other on the line of stroke, i.e. when the crank is on 
the dead centre. 

(4) Reciprocating Masses in the Same Axial Plane. 
— Tl*e inertia forces at any instant due to a number of masses 
driven by the same revolving shaft and reciprocating in the 
same axial plane all lie in that plane. The resultant force 
and resultant couple at any instant must therefore also lie in 
that plane. The simple harmonic motion of each reciprocat- 
ing mass is the projection on the longitudinal plane of an 
eq^ual mass fixed to and revolving with the corresponding 
crank-pin. The resultant force and resultant couple due to 
the revolving masses at the crank-pins are each represented 
by a vector of constant magnitude, rotating with the shaft, 
and are found by the methods of Chap. III. ; their pro- 
jections at any instant on the axial plane give the resultant 
force and resultant couple for tlie given reciprocating masses. 

If the given reciprocating masses are balanced among 
themselves, the mr and the two mrl polygons for the 
equivalent revolving masses at the crank-pins must be closed. 
If not balanced among themselves, balance may be effected 
by two reciprocating masses at any two transverse pianos Qi 
and Qu. their mr'a and the corresponding crank-angles for 
driving the two reciprocating masses being determined by the 
method of Pig. 8, Chap. HI. Such reciprocating balance 
masses, or " bob-weights," have been used by Mr. Yarrow to 
balance the engines of a torpedo-boat ; but the expense and 
complication involved render this method of balancing an 
engine, in general, impracticable. 

The student must carefully note that the balance cannot 
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isaally be effected by merely fixing revolving masses in tlie 
planes of revolution Qi and Qa. All the forces in the longi- 
tudinal plane of the given reciprocating masses may be 
balanced thereby, but unbalanced forces in an axial piano at 
right angles to that of the reciprocating masses would be 
introduced. 

If the reciprocating masses are unbalanced, the resulting 
disturbance can be expressed as due to two reciprocating mr 
vectors in two transverse planes chosen at random, the 
positions of the two rotating mr vectors of which they are 
projections being determined by the methods of Chap. III. 
In a locomotive, by choosing these two planes as the planes of 
contact of the driving-wheels with the rails, the variation of 
effort at each rail can be estimated. 

Example. — In a four-cylinder engine, given the distances 
between the cranks, the radii of and angle between two 
of the cranks, and their reciprocating masses, find the 
radii, and angles of the remaining two cranks and their 
reciprocating masses, so that the system may be in primary 
balance. 

Replacing the reciprocating masses by equal revolving 
masses at the crank -pins, the final mr and jnrZ polygons must 
be closed. Let 1 and 2 (Fig. 3) be given cranks, Qi and Q3 
the cranks whose angles and masses have to be determined. 
Draw the mr vectors ah and he for the given cranks. Draw 
' OY and OX respectively parallel and perpendicular to ac, 

and project the corners a, h, c, on OY and OX. Eotate OY 
^^ and OX into positions OY' and OX' respectively ; choose the 
^^m poles 0'. Draw the sides a, h, and c of the two mrl linb- 
^^H polygons, thus determining their closing sides g. Draw the 
^^m radius vectors Oq' and Og", and rotate and project q' and 3", 
^^M determining the point q in the mr vector-polygon, qa and cq 
^^M are the vectors MjEi and MaEj for the cranks at Qi and Qa 
^^m respectively, 

^H (5) Number of Variables for Self-balancing:.— Since a 

^^1 mass reciprocating with simple harmonic motion is specified 
^^B completely by stating the mass, radius of equivalent crank, 
^^1 crank angle, and plane of revolution, exactly like a revolving 
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mass, the number of variables required to specify n recipro- 
cating masses is (3n — 4). (See sect. 21, Chap. III.) If they 
are in balance, (Zn — 8) variables may be assigned arbitrarily. 
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leaving 4 to be determined, of which not more than (w — 1) 
should relate to the wr's, not more than (71 — 1) to the crank 
angles, and not more than (n - 2) to the distances between 
the lines of reciprocation. 



Exercises. 

1. The piston of a petrol engine weighs 3 lbs., the stroke is 4 inches. 
At a speed of 2000 revolutions per minute, what force is required to 
accelerate the piston at the beginning of its stroke, neglecting the obliquity 
of the connecting-rod ? An%, 1360 lbs. weight. 

2. A long spiral spring which stretches one inch for each 10 lbs. of 
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load, bangs vertically and ia loaded with 100 lbs. Find its periodic time 
of osciUation, n^lectiDg tho mass of the apring. Ana. 071 second. 

3. Define simple harmonic molian, and show that iu Biich motion the 
accelcralioD in proportional to the distance from tlio middle of the path. 
A body weighing 10 Ibti. BUBpcnded from & spring malieH a complete 
oscillation ap and down in two seconda. Uow much will the same spring 
be stretched by a 1 lb. weight? (Inst. C^., Oct. 1897.) 

Ant. 3 '9 inches. 

4. In a four-crank engine with equal crank radii, tlie cranka are ot 
equal axial distaDceB. The angle between the middle pair of cranks is 
90°, the reciprocating masses are 200 lbs. and 300 Iba. respectively. 
Determine the crank angles and the reciprocating masses of the outside 
cranks for aelf-balancing, neglecting obliquity of connecting-rods. 

Aiis. 167 and 209 lbs., 142° and 160^° with 200 and 300 lbs. 

5. In a three-crank engine, cranks at 120°, the cranks are 18 inches 
radius, distance between cylinders 7 feet 6 inches, reciprocating massca 
each 3 tons. Find the unbalanced couple at a speed of 150 revolutions 
per minute. Ant, 448 Ion-inch. 

6. Show that when a helica! spring vibrates freely under the action of 
a weight, its periodic time ia tho same as that of a simple pendulum 
having a length equal to the static eilonsion of tho spring when carrying 
tho weight — the mass of the spring itself being neglected. (Inat C.E., 
Oct 1903.) 

7. If in the locomotiveB of examples 13 and 14, Chap. HL, the 
driving-wheels are 7 feet diameter, reciprocating mass for each cylinder 
is 400 Iba., distance between rail centres 5 ft., and no balance maasea aro 
fitted, determine what would be the greatest disturbing force at each 
rail, at a speed of 60 miles per hour. What would then be the greatest 
magnitude of the swaying couple ? 

Ans. 4750, 6534 lbs. ; 590, 2638 Ib.-ft. 

6. In the locomotives of example 7, if the distance between the axle 
bearings is 3 feet 9 inches, centre to centre, determine the greatest 
borizontal prestnire due to inertia at the tjpced of 50 miles per hour. 
Ans.4G72, 7916 lbs. weight 
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mass, the number of variables required to specify n recipro- 
cating masses is (3n — 4). (See sect. 21, Chap. III.) If they 
are in balance, (Sn — 8) variables may be assigned arbitrarily. 
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leaving 4 to be determined, of which not more than (w — 1) 
should relate to the wr's, not more than (ti — 1) to the crank 
angles, and not more than (n - 2) to the distances between 
the lines of reciprocation. 



Exercises. 

1. The piston of a petrol engine weighs 3 lbs., the stroke is 4 inches. 
At a speed of 2000 revolutions per minute, what force is required to 
accelerate the piston at the beginning of its stroke, neglecting the obliquity 
of the connecting-rod ? A'm, 1360 lbs. weight. 

2. A long spiral spring which stretches one inch for each 10 lbs. of 
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load, haoga vertically and is loaded with 100 Ibe. Find its periodic timo . 
Qf osculation. Delecting the mass of the Hpriog. Ans. 0'71 second. 

3. Deflae simpit harmonic motion, and show that in such motion the 
BcceleratioD is proportional to the distance from the middle of the path, 
A body weighing 10 lbs. suspended irora a spring mokes a complete 
oscillation ap and down in two seconds. How mncb will the same spring 
be stretched by a 1 lb. weight? (Inst. G.E., Oct, 1897.) 

Atu. 3'9 inches. 

4. In a fonr-crank engine with equal crank radii, tlie cranks are at 
equal axial diatancea. The angle between Uie middio pair of cracks is 
90°, the tccipracatbg masees are 200 Iba, and 300 Iba. respectively. 
Determine the crank angles and the reciprocating masses of tlio outside 
cranks for self-halancing, neglecting obliquity of connecting-rods. 

Am. 167 and 209 lbs., 142" and 160i= with 200 and 300 Iba. 

5. In a three-crank engine, cranks at 120°, the cranks are 18 inohea 
radiuti, distance between cylinders 7 feet 6 inches, reciprocating masses 
each 3 tons. Find the unbalanced couple at a speed of 150 revolutions 
per minute. Ant. 448 Ion-inch. 

6. Show that when a helical spring vibrates freely under the action of 
B weight, ila periodic time is the same as that of a simple pendulum 
having a length equal to the static extension of the spring when carrying 
the weight— the mass of the spring ii«elf being neglected. (Inst C.E., 
Oct 1903.) 

7. If in the locomotives of examples 13 and 14, Cbap. III., the 
driving-wheels are T feet diameter, reciprocating mass for each cylinder 
is 400 lbs., distance between roil centres 5 ft., and no balance masses are 
fitted, determine what would be the greatest disturbing force at each 
rail, at a speed of 50 miles per hour. Wliat would then be the greatest 
magnitude of the swaying couple ? 

Ana. 4750, 6534 lbs.; 590, 2538 Ib.-ft. 

B. In the locomotives of example 7, if the dialanco between the axle 
bearings is 3 feet 9 inches, centre to centre, determine the greatest 
horizontal pressure duo to inertia at the speed of 50 miles per hour. 
.■lna.4672, 7915 lbs. weight. 
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mass, the number of variables required to specify n recipro- 
cating masses is (3n — 4). (See sect. 21, Chap. III.) If they 
are in balcmce, (3n — 8) variables may be assigned arbitrarily, 




l/' mrm:torpo/yyon 



Fio. 3. 



leaving 4 to be determined, of which not more than (w — 1) 
should relate to the wr's, not more than (ti — 1) to the crank 
angles, and not more than (n - 2) to the distances between 
the lines of reciprocation. 



Exercises. 

1. The piston of a petrol engine weighs 3 lbs., the stroke is 4 inches. 
At a speed of 2000 revolutions per minute, what force is required to 
accelerate the piston at the beginning of its stroke, neglecting the obliquity 
of the connecting-rod ? An%, 1360 lbs. weight. 

2. A long spiral spring which stretches one inch for each 10 lbs. of 
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load, hangs vertically and is loaded with 100 lbs. Find its periodic time 
of OBclUatloD, neglecting the niass of the spriiig. Am. 0'71 BOcond. 

3. Define simple harmonic tnolitiji, and show iLat in such motion the 
kcceleratioQ ia proportional to the di^tasce from the middle of the path. 
A body weighing 10 lbs. suspended from a spring makes a complete 
oscillation tip and down in two setuods. How much will the some spring 
be stretched by a 1 lb. weight? (IneL C£., Oct. 1897.) 

Ans. 3'9 inches. 

i. In a four-crank engme with equal crank radii, the cranks are at 
equal axial diatances. The angle between the middle pair of cranke is 
90", the reciprocating maBGes are 200 Iba, and 300 lbs. roipec lively. 
Determine the crank angles and the reciprocating masses of tlie outside 
cranks for self-balancing, neglecting oblicjuity of connecting-rods. 

Am. 167 and 209 lbs., 142° and leoj" with 200 and 300 lbs. 

5. In a three-crank engine, cranks at 120°, the cranks are 18 inches 
radius, distance between cylinders 7 feet 6 inches, reciprocating mosses 
each 3 tons. Find the unbalanced couple at a speed of 150 revolutions 
per minute. Am. 448 tou'luch. 

6. Show that when a helical spring vibrates freely under the action of 
a weight, its periodic time is the same as that of a simple pendulum 
having a length equal to the static extension of the spring when carrying 
the weight — the mass of the spring itself being neglected. (lost. C.B., 
Oct. 1903.) 

7. If in the locomotives of examples 13 and 14, Chap. lU., the 
driving-wheels are 7 feet diameter, reciprocating mass for each cylinder 
is 400 Iba., distance between rail centres 5 ft,, and no balance masses are 
fitted, determine what would be the greatest disturbing force at each 
rail, at a speed of 60 miles per hour. What would then be the greatest 
magnitude of the swaying couple ? 

Am. 4750, 6534 lbs. ; 690, 2538 Ib.-ft. 

8. In the locomotives of example 7, if the distance between the axle 
bearings is 3 feet 9 inches, centre to centre, determine the greatest 
horizontal ^iressure duo to inertia at tlio speed of 50 mites per hour. 

An$. 4672, 7916 lbs. weight. 




64 



BALANCING OF ENGINES 



- maas, the niimber of variables required to specify n recipro- 
cating masses ia (3m - 4). (See aect. 21, Chap. III.) If they 
arc in balance, (3w — 8) variables may be aasigoed arbitrarily, 




leaving 4 to be determined, of which not more than (n - 1) 
alioidd relate to the mr's, not more tlian (jt - 1) to the eraidt 
angles, and not more than (n — 2) to the distances between 
the lines of reciprocation. 




EXERC [SES. 

1. The piston of a peti'ol engiiiQ woigliB 3 lbs., the strolie is 4 inches. 

At a speed of 2000 revolutiona per minute, what force is required to 

accelerate the piston at the hegiaobg of its stroke, neglecting the obliquity 

of thecounecting-rod? Are. 1360 lbs. weight. 

2. A long spiral spring which stretches one inch for each 10 lbs. of 
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I load, hangs vertically and is loaded with 100 Iba. Find its periodic t 
of OBoillation, neglecting the miss of tho spring. Atis. 0-71 second. 



I 



e simple harmonic rrwtion, and show that in such ootion the 
acceleration ia proportionBl to tho distance from the middle of the path, 
A body weighing 10 lbs. suspended from a spring mahes a complete 
OBciDatioii np and down in two seconds. How mocb will the same spring 
be stretched by a 1 lb. we^ht? (InsL CJl., Oct. 1897.) 

AfiB. 3'S inclies. 

4. In a four-crank engine with equal crank radii, Oie cranks are at 
eqtial axial distances. The angle between the middle pair of cranks is 
90°, the reciprocating masses are 200 lbs. and 300 lbs. respectively. 
Determine tho crank angles and tho reciprocating masses of the outside 
oranka for self-balancing, neglecting obliquity of connecting-rods. 

Alls. 167 and 209 lbs., 142= and 160^" with 200 and 300 lbs. 

5. In a three-crank engine, cranks at 120°, the cranks are 18 inches 
radius, distance between cylinders 7 feet 6 inches, reciprocatjng massea 
each 3 tons. Find the unbalanced couple at a speed of 150 revolutions 
per minate. Ans, 448 Ion-inch. 

6. Show that when a helical spring vibrates freely under the action of 
a weight, its pciiodic lime is the same as that of 'a simple pcnduhini 
having a length equal to the static extoBsion of the spring wben carrying 
the weight — the mass of the spring itself being neglected. (Inst, C,E,, 
Oct. 1903.) 

7. If in tho locoraotiseB of examples 13 and 14, Chap, IIL, the 
driving-wheels are 7 feet diameter, reciprocating mass for each ayUnder 
is 400 lbs., distance between rail centres 5 ft., and no balance masses are 
fitted, detennine what would be the greatest disturbing force at each 
rail, at a speed of 50 miles per hour. What would then be 
magnitude of the swaying couple ? 

Ans. 4750, 6534 lbs, ; 590, 2533 lb ft 

8. In the locomotives of example 7, if the distance between the axle 
bearings is 3 feet 9 inches, centre to centre, determine the greatest 
b.orizontal pressure due to inertia at the speed of 50 miles per hour 

Ans. 4672, 7915 lbs weight 




CHAPTEE V 



REVOLVING AND RECIPROCATING MASSES 

(1) Motion of the Mass-centre of the Connecting-rod.— 

Let G (Fig. 2), Chap. IV., bo the maas-centre of the connect- 
ing-rod, and mu ita maas. The motion of the connecting- 
rod may he reaolved into a motion of translation of its 
mass-centre G, together with an angular motion of oacillation 
about an axia through G, perpendicular to the plane of 
motion of the rod. The system of forcea required to produce 
the motion of the connecting-rod may bo i-esolved into two 
seta, the first set thoae required to produce the motion of the 
maaa-centre G, the aecond set thoae required to produce the 
angular swing about the mass-centre G. The latter set of 
forces at any instant constitute a couple in the plane of 
motion of the rod, that is, the asia of the couple is parallel to 
the axia of the crank -shaft. It may be called the " transverse 
couple," and is considered in Chap. VII. 

The first set of forces are the same aa required for two 
masses, m^ and m^, at the cross-head and crank -pin respec- 
tively, having the total mass w^, and having their joint 
mass-centre at G. That is — 

mc + iiip = nig (1) 

m, = ^mg (2) 

m - — ™ ni 

"fp-Cp'"* W 

Therefore, the linear motion of the connecting-rod ia 
taken into account, by dividing its mass into a revolving 
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mass fixed to the crank -pio, and a reciprocatiag masa moving 
with the crosshead. 

(2) Engine balanced by Masses on Connecting-rod 
and Crank-shaft.— Mr. Wilson Pilcher has designed an 
engine, in which the balance is effected by balance weights 
attached beyond the big end of the connecting-rod. If the 
.3-centra G of the connecting-rod and balance-weight lie 
beyond P in CP produced (Fig. 2, Chap. IV.), m„ ia negative. 
■ If the balance masses be disposed so that -m„ is equal to the 
reciprocating masses moving with the cross-head, the algebraic 
sum of the masses at the cross-head ia zero. The mass m^ at 
the crank-pin can be balanced by a mass fixed to and 
revolving with the crank-pio. The engine ia therefore 
perfectly balanced, except as regards the transverse couple 
due to the angular swing of the connecting-rod. Unfortu- 
lately, the balance mass to be added to the connecting-rod 
lonsiderably increases this transverse couple (see Chap. VII.). 
If, however, an engine with two cranks at 180" be made on 
this design (Fig, 1), (i.e, with each piston balanced, aa 




^^h sei 



:above described, by a mass fixed beyond the big end of the 
. connecting-rod), the angular accelerations of the two con- 
necting-rods at any instant are equal and opposite (see 
!r VII.), and the transverse couples are in balance. 
Hence this engine is mathematically in perfect balance. 

(3) Reciprocating Masses equivalent to " Forward " 
and " Reverse " Revolving Masses. — From the theorem of 
sect. 3, Chap. IV., it is evident that in an engine with any 
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number of cjlinderB the inertia forces of the reciprocaticg 
maasea can be dealt with by replacing them by a set of 
masses fixed to the varioug crank-pins and revolving with 
the craDk-shaft, and a set of maases fixed to imaginary 
cranks revolving in the reverse direction. They may be 
called the equivalent " forward " and " reverse " masses 
respectively. It has been shown, in Chap, III., that the 
equivalent forward masses can always be balanced by two 
masses fixed to the shaft. It is, however, impracticable to 
arrange counterbalance masses revolving in the reverse 
direction to that of the crank-shaft ; hence, if the equivalent 
reverse masses give rise to a resultant force or a resultant 
couple, the primary balance cannot be made perfect. 

Give any number of masses fixed to and revolving with 
a shaft, and any number of reciprocating masses driven with 
simple harmonic motion from the shaft, the problem of 
finding the resultant inertia force and couple, reduces to 
finding the resultant force and couple for the actual and 
equivalent forward masses, and for the equivalent reverse 
masses respectively ; then finding the final resultant of the 
two resultant forces, and the final resultant of the two 
resultant couples. 

If in any engine the forward masses are balanced by 
counterbalance masses revolving with the shaft, the final 
resultant force and couple arc each of constant magnitude, 
and revolve in the reverse direction at the same speed as the 
crank-shaft. Any alteration of the counterbalance masses 
from the disposition required to balance the forward masses, 
win make the final resultant force and the final resultant 
couple greater at one position and less at another position of 
the crank-shaft; the maximum and minimum values each 
occurring twice in a revohition, as shown in Fig. 5. Thus, 
in general, the balance may be said to be the best possible, 
when the equivalent forward masses are balanced. In some 
cases, however, e.g. a locomotive, a want of balance in one 
direction may be more objectionable than in another, and 
the equivalent forward masses may with advantage be over 
balanced in one case, under balanced in another case. 



J 



I 
I 



REVOLVING AND RECIPROCATING MASSES 69 

In a 3ingle-cyliader engine (Fig. 2, Chap. IV.), the 
equivalent forward mass is balanced by a mass Jni fixed 
opposite the crank-pin at a radna r. The engioe may then 
be said to be " half balanced." 

Let Fig. 2 be a longitudinal view of the crank-shaft 
Bhowing the pitch of the cylinders or cranks. Fig. 3 an end 
view showing the angle between the various cranks from 
which the simple harmonic motions are derived, OV being 
the trace of the plane of reciprocating masses. Replacing 
each reciprocating mass in by an equivalent forward 
revolving mass im at the corresponding crank-pin, and 
an equivalent reverse revolving mass Jni, the resultant 




force and couple due to the equivalent forward masses are 
obtained by the procedure shown in Fig. 8, Chap. III. 

Fig. 4 shows the positions of the equivalent reverse 
masses coiTesponding to the positions of the forward masses 
Fig. 3 ; the various forward and reverse masses making 
equal angles with OV, the line of stroke. Thus, Fig. 4 is 
an image V, with respect to OV, of Fig. 3. 

Applying the method of Fig. 8, Chap. III., to the reverse 
masses of Fig. 4, the mr diagrams forward and revei'se are 
images one of the other, with respect to OV. The mrl link- 
polygona in the plane OY are identical for the forward and 
reverse masses ; the mrl diagrams in the plane OX for the 
forward and reverse masses only differ in the algebraic sign of 
the ordinates, that is, they are skew images, one of the other, 
with respect to the closing lines. Thus, the plane F of the 
reverse resultant force la tlie sarae as that of the for%vard 
resultant force, and the residtant MR vectors for the forward 
and reverse masses are of equal angles on opposite sides 
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of OV. From sect. 3, Chap. IV., the final resultant ME ia 
in the plane OV. Similarly the final resultant MRL ia in 
the plane OV. 

This is also evident from first principles. Since the 
given masses all move in the same plane, their final resultant 
ME and MRL must be in. the same plane. When only 
reciprocating masses in the same axial plane, and no 
revolving masses, are dealt with, they may be best con- 
sidered as projections of revolving masses, and problema 
will be solved by the methods of Chaps. III. and IV. But 
where both revolving and reciprocating masses are connected 
with the shaft, it may be most convenient • to replace the 
reciprocating masses by their equivalent forward and reverse 
revolving masses, as detailed in sect. 5. 

(4) Resultant of a Forward and Reverse Vector 
revolving: at Same Speed. — -Let the same vectors OA and 
OB of constant length (Fig. 
5) revolve with equal speeds 
in opposite directions. The 
resultant OE of OA and ds 
is found by completing the 
parallelogram AOBK. The 
majcimum value OE" evi- 
dently occurs when OA and 
OB coincide in direction 
OX, and is then equal to 
the sum of the lengths OA 
and OB. The minimum 
value OEi occurs when OA 
and OB have each rotated 
Fio. 5. thi'ough a right angle from 

OX. The locus of E is an 
ellipse, its major and minor semi-axes being (a + h) and 
(a — i) respectively, where a and b are the lengths of OA 
and OB respectively. 

If OA = OB, the minor semi-axis (a — &) is zero ; i.e. 
the locus of E is along the sti'aight line OX, as is evident 
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also from sect, 3, That is, R moves with simple harmonic 
motion along OX. 

(5) General Method of finding Unbalanced Force 
and Unbalanced Couple and Reactions at Bearings for 
any Number of Revolving and Reciprocating Masses.— 
It has been showu in Chap. III., that the revolving masses can 
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alwaya he balanced by suitably placing two balance masaea ; 
and ill Chap. IV., that the reciprocating masses may be made 
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to balance, provided we are at liberty to choose the position 
of two of the ci'anks, and the magnitudes of the reciprocating 

8sea driven by them. In many eases, however, the crank 
angles are assigned from considerations of uniformity of 
driving torc[ue, not from considerations of balancing, and 
both seta of masses may be unbalanced. 

The masses of cranks, balance- weights, pistons, con- 
necting-rods, etc., being given, they should be tabulated as 

lines 3, 4, and 5 of the schedule on p. 71. The masses 
of the connecting-rods are divided in the proper ratio 
between the ^rank-pins and eroaa-heads, and the combined 
revolving and reciprocating masses tabulated (lines 6 and 7). 
The combined reciprocating masses are divided into eq^uiva- 
lent forward and reverse revolving mas.'^s, and the eq^uivalent 
forward and reverse masses tabulated (lines 8 and 9). If 
the crank radii are all ec[ual, the mr's will be proportional 
to the equivalent forward and reverse masses. 

The distances between the transverse planes and the 
crank angles being given, the longitudinal- and crank-angle 
diagram is drawn (Fig. 6). Qi and 
Qa are taken as the planes of the two 
bearings. The mr vector-polygon 
for the forward masses is then drawn, 
the mrl link-polygons in the planes 
OY and OX, and the MiEi and M3E2 
for the "forward" reactions at Qi 
and Qa, obtained by the methods of 
Chap. III. 

Similarly, the mr vector-polygon 
for the reverse massa^, the mrl link- 
polygons in the planes OT and OX, 
and the MiRi and MaRa for the 
" reverse " reactions at Qi and Qa are 
successively obtaine<l. 

The forward and reverse MiEi's ^^^ ^ 

at Qi may then be combined. 

The ellipse showing tlie resultant of the rotating forward 
and reverse MiKi vectors at Qi, may then be drawn by the 




74 



BALANCING OF ENGINES 



method shown in Fig. 5 ; similarly for the resultant of the 
MjEa vectors at Qa. These two ellipses are shown at Fi and 
Fa (Fig. 7), the point on each ellipse being obtained from 
the corresponding forward and reverse Fi and Fa vectors 
shown in Fig. 6. The twelve points marked on each 
ellipse show the resultant vectors for equal angular intervals 
the crant-shaft baa described from the position shown in 
Fig. 6. 

(6) Partial Balancing of Locomotives. — In a locomo- 
tive it is desirable to express the vertical and horizontal 
disturbing forces and couples separately ; the following 
method may then be used. Figs. 8 and 9 show the arrange- 



I- 





ment of the driving-axle of an inaide-cylinder locomotive, L 
being the distance between the planes of contact of the 
driving-wheels with the rails, I is the distance between the 
planes 1 and 2 of the cranks, or centres of the cylinders, and 
r the crank-radius. In an outside-cylinder locomotive, I ia 
greater than L, the crank-pins projecting from the outsides of 
the driving-wheels, as shown by the dotted lines. In Fig. 9, 
OH is the centre Kne of the cylinders (assumed to be hori- 
zontal in the following discussion), OV a line at right angles. 
The revolving masses rotating with the driving-axle 
can be balanced by two balance masses in the driving-wheels, 
as shown in sect. 17, Chap. III., simOarly for the coupling- 
rod masses, therefore these need not be further referred to 
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here. Let M be the reciprocating mass for each cylinder, 
which includes the mass of piston-rod, crosa-head, and part of 
the masB of connecting-rod, aa discussed iu sect. 1. Let m be 
the portion of this reciprocating mass that has to be balanced. 
This can be done by imagining two balance masses each equal 
to m, fixed at mi and mg opposite the cranks Mi and M2, and 
lying respectively in the planea of revolution 1 and 2. The 
imaginary masses at mi and tii^ are equivalent to two actual 
balance masses which can be placed in the driving-wheels, 
their magnitudes and positions being determined by the 
method of sect, 17, Chap. III. 

The imt^inary revolving masses at mj and J«a, and there- 
fore also the actual balance masses in the driving-wheels, 
are equivalent to two pairs of reciprocating masses, each 
equal to m, driven by the crank-pins mi and ma, and recipro- 
cating along OH and OV respectively. Thus, the masses 
reciprocating horizontally are equivalent to two masses, each 
(M — m) driven by the actual crank-pins Mi and Mj. The 
unbalanced force and couple are determined as in sect. 17, 
Chap. III. The horizontal unbalanced mr vector (which 
produces a variation of the horizontal effort on the whole 
train) is the projection on OH of an mr vector, rotating in 
the central plane C, and lying in the rotating plane OY mid- 
way between the cranks. The magnitude of the rotating 
vector is therefore — 

V2(M -my (1) 

Similarly, the horizontal unbalanced mrl vector, which 
pioduces the swaying couple, is the projection of a vector 
i-otating in the plane OX, of magnitude — 



V2' 



myi . 



(2) 



I 



In the same way, taking the masses reciprocating verti- 
cally, the vertical unbalanced mr vector, which produces the 
variation of vertical load of the driving-wheels on the rails, 
is the projection on OV of an mr vector rotating iu the plane 
C and lying in the rotating plane OV, of magnitude— 

's/imr (3) 
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This vector ia equivalent to two equal vertical vectors in 
the planes 3 and 4, each the projection of a rotating vector 
of magnitude 

— -mr (4) 

The vertical unbalanced mrl vector, which produces the 
transverse rocking couple, ia the projection on OV of a 
rotating vector iu the rotating plane OX, of magnitude 



--MiW 



^3 

Tiiis is equivalent to two equal opposite vertical mr vectors 
in the planes 3 and 4, each the projection of a rotating vector 
of m^nitude 

vI'^'l <^> 

The directions of the rotating mr vectors (4) and (6) being 
at right angles, their resultant, which produces the variation 
of vertical pressure on each rail (the so-called hammer blow), 
ia of magnitude 



V'.|i+(-l)'| 



(7) 



The above expressions are similar in form to those of 
sect. 17, Chap. Ill, Multiplying them by w^/^, the maximum 
values of the disturbing forces or couples are obtained iu 
gravitation units. 

Data for Examples. 

M = 400 lbs. for piston, piston-rod, and cross-head 4- 140 lbs, 
part mass of connecting-rod = 540 lbs. 

Stroke 26 inches ; r = 13 in. = 1'08 ft. 

L = distance between centres of rail = 5 ft. 

I, for inside cylinders, = 23 in. = 1-92 ft. 

I, for outside cylinders, = 6'12 ft. 

Diameter of driving-wheels = C'5 ft 

Speed, 75 miles per hour. 
75 X 5280 
" 3600 X 32-5 " 



Then 



I 33-85 radians per see. 



- = 35-6 ft.-i 
9 
Mr = 583-2 lb.-ft., 



V2Mr = 824-Glb.-lt. 
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I'or inaide-cylindere. 



For outside cylinders. 



\/h{^+{l)\ = 1-126, Mrx/.i{l + (^y[ = 656-71b.-ft. 



Taking 



= 0, i, I, £, and 1, tlie results are exhibited in 
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Tables III. and lY, for inside cylinders and outside cylinders 
respectively. 

In coupled engines, the balance masses can be diahibuted 
between the driving-wheels, and the variation of vertical load 
on the rail distributed. 

TABLE III. 

dlstuebing foeces and coupi-es in two-cylihder 

Locomotives. 

Inside Cylinders. 



=r---H 





0'25 0-50 


0-75 


1-0 




mri 


COlipl*. 


mr 


FMce 
Couple 


mri 


Co^lB 


E 


Force 
Co^Ie 


"" k"- 


on train 


824-6 
lb..ft. 


1311 


618-4 
lb.-ft. 


9-B4 


412-3 

lb.-ft. 


6-55 


206-1 
lb.-ft. 


3-28 
ton 





, 


Swaying couple 


791'6 
lb.-rt,' 


12-59 
toa-ft. 


59a7 
b.-ft.' 


9-45 

tOD-ft. 


395-8 
lb.-ft.' 


6-30 
tou-ft. 


197-9 
lb..ft.' 


3-15 
ton-fL 








Tertioalpreasnre 
on both nils 








206-1 
Ib.-n. 


3-28 


412-3 
lb.-ft. 


G-55 


618-4 
lb.-ft. 


9-8* 


824-6 
lb.-fl. 


13-11 


TnmsTarBe rook- 
ing oonplB 








107-9 
b.-ft.= 


3-15 
ton-ft 


395-8 
lb..ft.' 


6-30 

ton-ft 


6S37 

lb..fl.' 


9-45 
tou-ft. 


791-6 
h.-ft.' 


12-59 
ton ft. 


Verticfllpreeaure 
on wih rail 
(hftmmerblow) 








110-4 

lb.-ft. 


1-63 
ton 


220-8 
lb.-ft. 


3-27 
ton 


331-2 
lb.-ft. 


4-90 


441-5 
lb.-ft. 


e-54 
ton 
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TABLE IV. 

DiSTUKBiNG Forces and Couples in Two-Cylinder 

Locomotives. 

Outside Cylinders. 



Froportion of) _, 
masses baI-V = ^ 
ancfld. ) ^ 





0-25 


0-50 


0-75 

• 


10 




mr 

or 

mrl 


Force 

or 
Couple. 


mr 

or 

mrl 


Force 

or 
Couple. 


mr 

or 

mrl 


Force 

or 
Couple. 


mr 

or 

mrl 


Force 

or 
Couple. 


mr 

or 

mrl 


Force 

or 
Couple. 


Horizontal effort 
on train 

Swaying couple 

Vertical pressure 
on both rails 

Transverse rook- 
ing couple 

Vertical pressure 
on each rail 
(hammer blow) 


824-6 
Ib.-ft. 

2523 
lb.-ft.2 






13-11 

ton 

40-11 
ton-ft. 






618-4 
Ib.-ft. 

1893 
lb.-ft.« 

206-1 

Ib.-ft. 

631 

lb.-ft.« 

164-2 
Ib.-ft. 


9-84 
ton 

30-09 
ton-ft. 

3-28 
ton 

1003 
ton-ft. 

2-61 
ton 


412-3 

Ib.-ft. 

1261 

lb.-ft.2 

412-3 

Ib.-ft. 

1261 

lb.-ft.» 

328-4 
Ib.-ft. 


6-55 

ton 

20-05 

ton-ft. 

6-55 

ton 

20-06 
ton-ft. 

5-22 
ton 


206-1 
Ib.-ft. 

631 

lb.-ft.2 

618-4 
Ib.-ft. 

1893 
lb.-ft.2 

492-6 
lb..ft. 


3-28 
ton 

10-03 
ton-ft. 

9-84 
ton 

30-09 
ton-ft. 

7-83 
ton 





824-6 

Ib.-ft. 

2523 
lb.-ft.» 

656-7 
Ib.-ft. 






13-11 
ton 

40-11 
ton-ft. 

10-44 
ton 



CHAPTER VI 

INERTIA FORCES OF SECOND AND HIGHER ORDERS 

(1) Velocity of Piston.— Let OP be the position of the 
crant at any inata,nt, PC the connecting-rod, OC the line of 
stroke (Fig. 1). It can be shown that the motion at any 
inataut of a rigid body in a plane can be expressed as a 
motion of rotation about an ayisj at right angles to the plane of 




the motion. This axis is called the instantanemis axis of 
rotation, and the point of intersection of the instantaneous 
axis with the plane is called the instantaneous centre. The 
connecting-rod CP being considered rigid, the two points 
C and P are, at the instant under eonaideration, each rotating 
about the instantaneous centre of rotation of the connecting- 
rod. But the motion at P is, at the instant, in a dii'ection at 
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right angles to OP ; the point P may therefore be considered 
to rotate about any point in OP or OP produced. For all 
circles drawn through P, and having their centres on OP or 
OP produced, ■will have the same tangent at P, Similarly, 
the point C moving at the instant in the direction CO may 
be considered to rotate about any point on the line Cc, drawn 
through C at right angles to CO. Thus, if both P and C are 
at the instant rotating about the same point, that point must 
be J, the point of intersection of OP and Cc, J is therefore 
the instantaneous centre of rotation of the connecting-rod. 
Of course it must be clearly understood that the instan- 
taneous centre changes its position from instant to instant as 
the crank revolves. 

Let V and V respectively be the linear velocities of the 
crank-pin P and crosa-head C, at the instant. Then, since P 
and C are points on the .game rigid body rotating about J, 
their linear velocities are proportional to their radii from the 
centre of rotation. That is 

^ = ^ (1) 

V JP ^^-^ 

In some positions of the crank the point J will move off the 
paper, so the relation (1) cannot always be used. Draw OZ 
at right angles to the line of stroke, and let the connecting- 
rod, produced if necessary, cut OZ at Z, then evidently the 
triangles JPC and OPZ are similar, and therefore their 
corresponding sides are proportional ; therefore 
JC OZ , V OZ ,, D 

JP = OF ^''^ ¥ = 0F ''" ^=0P' 
Therefore, from (2), if v the speed of the crank-pin is constant, 
since OP is of constant length, the velocity of the cross-head 
is proportional to the intercept OZ. 

(2) True Acceleration of Cross-head— Klein's Graphi- 
cal Method. — Let OP and PC be the crank and connecting- 
rod in any position (Fig. 2), the cross-head C reciprocating 
along the line 00. From draw OZ at right angles to CO, 
to cut the axis of the connecting-rod (produced if necessary) 
at Z. With centre P and radius PZ draw a circle, and on 



(2) 



J 
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CP as diameter draw a circle. Draw the common chord AB 
. of the two circles, ami let it cut OC (produced if necessary) 




at F. Then FO represents the acceleration of the cross-head 
C to the same scale that PO represents the radial acceleration 
iJ^r of the crank-pin V. 

Proof, — The motion of the connecting-rod at any instant 
may be resolved into two component motions : {a) a motion 
of translation, like that of the coupling-rod of a locomotive, 
the velocities of all points on the rod being the same as that 
of the crank-pin ; (b) a motion of oscillation about the crank- 
pin P as centre. 

Let AE cut CP at D. Draw OE perpendicular to CP, 
meeting it (produced if necessary) at E. Find the instantane- 
ous centre of rotation J of the conaecting-rod, by drawing CJ 
at right angles to OC, and producing OP to cut CJ at J. Join 
PA and AC. 

If I! is the linear speed of the crank-pin P, the angular 
speed w of the crank_ia t'/OP, tho angular speed wc of the 
connecting-rod is v/JF. Thus 

Wo _ OP _ ZP . _ ZP 

" JP "" CP' '''^' '"" ~ CP'"' I 



k 
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The acceleratiOQ of the cross-head C due to the component 
motion (&) is made up of a radial component in the direction 
CP, and a tangential component at right angles to CP. The 
magnitude of the former ia 



u,,'' X CP = 



^ CP 



■ DP 



(1) 



/■ TJ-Z T.* , DP AP 

( smce 1*Z = PA, and -7^ = 7== 
V AP CP 



■.DP: 



cpJ 



The acceleration of the cross-head C due to the motion (a) is 
(o^PO, its component in the direction CP ia 

c^PE (2) 

Adding (1) and (2), the acceleration of C in the direction 
CP is (u'^DE. But the total acceleration of C is in the 
direction CO, and must he equal to 



(u^FO 



(3) 



since DE is the projection of FO on CP. 

If the construction of Fig, 2 he repeated for various 
Dsitiona of the crank, the various values of OF may be 




plotted to give a curve of cross-head acceleration. If the 
values of OF are set off along the correspondmg crank position, 
apolar curve (Fig. 3) is obtained ; if set off aa ordinatea at the 
croaa-head C, a rectangular curve with space base (Fig. 4), If 
along a straight base distances be marked off proportional to 



I 
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the aagles the crank ha.? described from the line of stroke OC, 
and the various values of OF are plotted as ordinatea, a 
rectangular curve with time or crank-angle base (Fig. 5) 
is obtained, presuming the angular speed of the crank-shaft is 
uniform. 

Figs. 3-5 are drawn for a uoimecting-rod length 3'5 times 
the crank length, q = rjl = l/3'5, but Fig. 2 is drawn for a 




I 



much shorter connecting-rod, so as to show clearly the con- 
struction. The two circles in Fig. 3, the straight line in 
Fig. 4, and the sine curve in Fig. 5, correspond to an in- 
finitely long connecting-rod. 

When the crank is on either dead centre, 

ZP = OP, and DP = r^jl = qr. 

On the inner dead centre, therefore, 

F0 = (r.f.?r) = (l-f-5)r. ... (4) 



on the outer d 



) centre, 
FO ^ 



(1 - q)r . 



(5) 



The difference of the ordinates to the two curves (Fig. 4 or 
6) ia the acceleration due to the obliquity of the connecting- 
rod. 

By multiplying the ordinates of the Klein acceleration 
curve (Fig. 5) by the reciprocating mass m, the values of the 
acceleration forces are obtained. 

With two or more cylinders, the resultant acceleration 
force can be shown for different angles of revolution of the 
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shaft, l)y drawing Klein curves of accelerating force for each 
cylinder, diaplacetl to correspond with the angles between the 
cranka, and taking the algebraic sum of the ordinates at e 
value of the abscissa. The resultant ordinate is the resultant 
unbalanced force for that position of the crank-shaft. Figa, 



2i'raf!ks a^WO" 




3 cranhsat ISO ' 
ordinates examerated lOOl/'mes 



6, 7, and 8 show the resultant unbalanced force in engines 
respectively with two cranks at 180° three cranks at 120°, 
and four cranks at 90° ; the reciprocating masses being the 
same for each cylinder, likewise tlie ratio of connecting-rod 
length to crank radius. If these are different for the different 
cylinders the component Klein curves will be different, but 
the method, otherwise, is the same. The graphical method 
with its cumulative errors is not capable of sufficient 
acc\u-acy to show clearly the shapes of the Klein curves 
for three and four equal cranks. Figs. 7 and 8 have there- 
fore been calculated from sect. 3 ; the ordinates of Fig. 7 are 
1 100 times. 



^K tiv 
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;3) Acceleration of Cross-head— Analytical Method.— 

Let 

r = length of crank. 

I = length of connecting-rod. 

q = rjl = ratio of crank to conneoting-rod length, 

= angle the crank has revolved from the inner dead 

centre. 
$ = angle connecting-rod makes with line of stroke, 
w = angular speed o^rank-shaft. 

The exact expression for the acceleration of the cross-head 
or piston, which is investigated below, ia 

a=_wV(cos0+Bscoa20+Bico8 4e+B6CO3 6e+ . . .) (1) 

The exact values of the coefficients Ba, Bi, are given 
below; but taking their approximate values (1) may be 
written 

Multiplying both sides of (1) by m, the mass reciprocating 
with the cross-head, we get the value of the accelerating force 
at the instant. If expressed in gravitation units, we have 



Analytical Investigation. 

In Fig. 9, let a; = OC = !■ cos -|- ^ cos </, . . . . (1) 
Then, pP = r sin = i sin ^ ; 

.". sin ^ = g sin 6, and 

eo8^= V"l -Y"sS^C .... (2) 

cos ^ is evidently a periodic function of B, and can therefore 
be expanded by means of Fourier's Theorem. The values of 
cos ^ are the same for two crank positions at equal angles 
on opposite sides of 00, ■i.e. when = 9i and - 0i respec- 
tively. Fourier's expansion must therefore contain only 



S6 
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cosines of multiples of 6 ; since cos 9i = cos ( - 61). Purther, 
the values of COB ij> are the same for 6 = 61 and B = (fii + ir). 
That is, the period of cos ^ corresponds to a difference tt in 
the value of B, while the period of coa B corresponds to a 




difference 2ir. The expansion for cos $ must therefore 
contain only cosines of multiples of 26, 

However, it is more convenient to proceed by another 
method. Expanding the expression on the right-hand side 
of (3) by the Binomial Theorem 

cos ^ = 1 - ^jS gj^a^ _ ^y4 Bii34g _ ^^8 sijisg (3) 

The expression for cos in (3) can be transformed into 
an expansion in terms of cosines of multiples of 26 by 
means of the formula (see Todhunt«r's " Trigonometry ") 

S—'C - 1)3 6in"9 = cos 710 - n cos (n - 2)0 + 

"^"_~^^ co3(»t-4)9 + ... 

,,n w(Tt-l). . .(ln + 1) 



+ (-!>■ 



2.1-2. 



When n = 2, (4) 

- 2 3in= 



i.e. sin^e = ^ - :^ 
When n = 4, (4) becomes 

2" sin'd = cos 48-4 cos 28 + 
i.e. siu 48 = ii — J COS 28 + J cos 



4.3^ 
2.1.2 



[ 



I 



INERTIA FORCES OF HIGHER ORDERS 87 
Wlion 7t = 6, (4) becomes 

-2' sin'e = COS 60-6 cos 46 + ^cos 26 - ^'^J^-i 
i.e. Bin'e = ,«, - J». COB 29 + ^\ cos 49 - -j, cob 69 
Similarly, tbe expressioiia for the sines of the higher 
multiples of 6, may be obtained. 

Therefore, making the above substitutions for Bin'9, 
8in*6, .... (3) may be written 
cos ^ = Ao + Aa cos 29 + At cos 49 + As cos 69 + . . . (5) 



■ Js' - M - 2lrf - ■ ■ 
if + As' + iA'jS' + . 



a, the acceleration of A, ia equal to -vr^ 
Differentiating twice the expression (1) 
.T = r C03 $ + /{Ao + Aa cos 26 + A4 cos 40 + . . .) 
J we get 

'f cos - w'/(4Aa cos 26 + 16Aj cos 46 + 36A« . . .) 
Or, remembering that I = rjq, 

a = -<,»V(co3 9 + Be cos 29 + Bj cos 40 
+ Bfi cos 66 + . . .) 
whore 

IB2 = 4A2/? =H 
B* = 16A4/y = - 
Be = 36Ab/j = 
In approximations, the first term only o: 
may be used, and (6) may then be written 
a = - <D''r(co8 9 + g cos 26 — \^ cos 46 
+ llsS«cos66- ...) . . . (7) 
Table V. gives the accurate values of Eg, B(, E^ for 
various values of q. 



-Js" + i¥.s'+. 

- is" - As' - ■ 

tSiS* + ■ 



(6) 



expressions 
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TAISLE V. 

Coefficients fok Inertia Forces of Second, Eouhth, and 
Sixth Orders. 



H 


8] 


i 


a 


5 


6 


7 


B. 


0-2918 


0-254O 


0'2250 


0'2020 


0-1678 


0-1436 


B, 


-0'00G2 


-O'OOil 


-0-0028 


-0-0020 


-0-0012 


-0-0007 


B. 


0-0001 


00001 


OOOOO 


0-0000 


0-0000 


0-0000 



(4) Simple Harmonic Motions from Imaginary 
Cranks revolving at 2iu, 4^, 6m — The firat iterm on the 
right-hand aide of equation (3), sect. 3, is the primary force 



of acceleration. The second term 



s 29 is the 



secondary force of acceleration. Its value is greatest when 
cos 2fl = ± 1, i.e. -when 9 = 0; 90°, 180°, 270° . . . , and is 
then ±mrqbi^jg. The maximum value of the secondary 
force is therefore equal to that of the primary force of 
acceleration multiplied by the ratio of crank to connecting- 
rod length. Its value at any instant is the prajection on the 
line of stroke of a centrally directed force rotating at a speed 
2(ii, twice that of the crank. It may be considered as due to 
the simple harmonic motion of a mass driven from an imagi- 
nary crank of the same radius as the actual crank, but 
revolving at twice the speed. 

Similarly, the other terms in (3) may be considered as 
due to masses driven with simple harmonic motion from 
imaginary cranks revolving at 4, 6, 8 . . . times the speed 
of the engine shaft. They may be referred to as the inertia 
forces of the 4th, 6th, 8tb, . . . orders respectively. 



Since 



««B. = |(6„)',etc., 
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the masses attached to the imagiuary crauka of the 2ud, 4th, 
6th, , . . orders are E2/4, B^/IB, Bb/B6, . . . times respectively 
that of the primary mass. If 5 = ^ {i.e. if the coimectiiig-rod 
length is 2J times the stroke), these imagioary masses of the 
2nd, 4th, 6th orders are 2'ijth, gj/notlii i.aoo-ooo '^^ parts 
respectively of the primary mass. The corresponding inertia 
forces are Jth, sJoth, ^oo%m, th parts respectively of the 
primaiy forces. 

In an engine where the primary inertia forces ai'e un- 
balanced, those of higher orders need not be considered. 
But if the primary inertia forces are balanced, the secondary 
inertia forces, being a comparatively large fraction of the 
primary, may still be objectionable if left unbalanced. For 
example, in a four-cylinder engine for a motor-car, the 
primary forces are balanced ; the vibration produced when 
the engine is running while the car is at rest is due to 
the secondary forces which are unbalanced. When both 
primary and secondary forces are balanced, the residual 
inertia forces, those of the fourth and higher orders, should 
scarcely be appreciable. 

(5) Engine with Cylinders in the Same Axial Plane. 
— Let Fig. 10 show the distances between the cylinders, and 
Fig. 11 the angles the cranks have described from OV, the 



axial plane of the cylinders. Fig. 12 shows the corresponding 
positions of the imaginary cranks of the second order. Fig. 13 
those of thefom'th order; the angles in Figs. 12 and 13 being 
two and four times respectively those in Fig. 11. The 
resultant inertia force and couple of the second order are 
foond by applying the methods of Chap. IV. to the cranks 
of Fig. 12; those of the fourth order by the same methods 
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applied to tlie cranks of Fig. 13 ; in each case the planes o 
reciprocation being the same as in Fig. 10. 




FlQ. 11. 



(6) Conditions to be satisfied for Balance of Second 
and Higher Orders.— The conditions for secondary balance 
can be stated as in sect. 20, Chap. III., provided the varioos 
crank angles are taken twice those of the actual cranks. 
That is, the secondary mr and mrl vector-polygons must 
be closed. 

The conditions that the resultant force and resultant 
couple of any higher order should each be zero, may be 
similarly stated; i.e. the mr and mrl vector-polygons of 
that order must be closed. 

If the engine is perfectly balanced for primary and 
higher orders of the inertia forces and couples, all the mr 
and mrl polygons must be closed. The mr polygons of the 
second, fourth, sixth, . ■ . , orders have their sides of the 
same length as the corresponding sides of the primary, but 
drawn at twice, four, six, . . . , times the corresponding 
angles to the reference line. 

Each mrl vector-polygon has its sides parallel to the 
corresponding mr vector-polygon. The corresponding sides 
of the series of mr vector-polygons are all equal ; likewise 
for the series of mrl vector-polygons. By taking the plane 
of transference at the axis of one cylinder, one side of each 
mrl polygon is zero. 

Consider a primary and secondary closed vector-polygon 
of three sides, i.e. a triangle. Let ABO (Fig. 1-1) be the 
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primary vector-triangle, AB coinciding with the reference 
line OV. The aecondary triangle ABC" has then one side 
coincident with AB, and, of ootirae, BC = BC" and CA 

= C"A. Therefore the angle ABC = 
angle ABC", and the triangles ABC 
and ABC" are symmetrical about AB, 
But the angle which the vector BC" 
haa described firom BV is twice the 

;le VBC, which vector EC haa 
described. Therefore the angles, VBC, 
CBC", C"BV are equal, and must 
therefore each be 120° ; and ABC is 
60°. Similarly, it can be shown that 
the angle CAB must be 60°. That 

is, the closed primary and secondary vector-triangles must be 
equilateral ; similarly, that of the fourth order is equilateral. 

The vector diagrams of the sixth and twelfth order have 
their three aides coincident in direction, and therefore the 
force or couple of these orders is not zero. 

Similarly, if a closed primary vector-polygon of n sides 
is equilateral and cq^uiangular ; then, if n is even, the sides 
of the vector-diagram of the Mth order will coincide in 
direction ; if n is odd, those of the 2jtth order. The vector- 
polygons of all lower orders will be closed. If the primary 
vector-polygon is not both equilateral and equiangular, some 
of the vector-polygons of lower order will be open. Thus 
it appears that no ei^ine of the usual design (see sect, 2, 
Chap, V.) with cylinders all in the same axial plane can be 
mathematically in perfect balance. 

If a vector-polygon is unclosed, it can be closed by 
adding another vector. A vector involves direction and 
length, a vector quantity concerned in the problem of 
balancing involves direction and either an mr or an mrl. 
Thus the condition that one vector-polygon is closed is 

I equivalent to specifying two relations between the variables. 
(7) Perfect Primary and Secondary Balance.— If 
the primary and secondary forces and couples vanish, this 
is equivalent to specifying eight relations between the 
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variables. With n cylinders involving (Sn — 4) variables, 
therefore, (3w - 12) variables may presumably be asaigucd 
arbitrarily, leaving eight variables to be determined so as 
to satisfy the eight conditional equations. 

(8) Four-crank Engine with Perfect Primary and 
Secondary Balance.— When n = 4, (3m - 12) - 0. There- 
fore, no other variables besides one 
value of my and one distance be- 
tween two planes of revolution can 
be assigned. 

Suppose the first and second 
mri vector-polygons drawn (Fig, 
15) with respect to the plane of 
one of the cylinders, say No. 1 ; 
they therefore reduce to equilateral 
triangles (sect. 6), the side > 
sponding to mi being zero. Let 
the direction of one crank. No. 2, 
coincide with the axial plane of the 
cyKndera OV ; the secondary crank. 
No. 2, will also lie in the axial 
plane of the cylinders, and the sides 
wiarij/a of the primary and secondary 
mH vector-polygons coincide, as at 
Fio. 15. AB. 

Drawing the two mr vector- 
polygons OABCO and OABC'O (Fig. 15), the sides 2, 3, 4 
are parallel to those of the 7nTl polygon; and since both 
polygons must be 
j.^ .J '^5- closed, the side 1 

'^..i/^ must coincide with 




I 



either of the sides 
2, 3. 4 ; say No. 2, 
giving each four- 
sided polygon the 
form of an equi- 
lateral triangle. 
The cmnks 1 and 2 must bo in the same axial plane, but 
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may point in the same or opposite directiona according as A 
lies between or outside O and B. Tlie two remaining sides, 
3 and 4, are therefore equal, i.e. m^rs = m^rt. And since 
m^r^s = nitrJi, Ig must be equal to h. Tliat is, tlie cranks 
3 and 4 must be in the same plane of revolution. 

Fig. 16 shows the relative position of the planes of 
revolution and the crank 
angles, when 1 and 2 are 
on opposite aides of the 
plane of cranks 3 and 4; 
Fig. 17 when on the same 
Bide. OABCO and OA'ECO 
(Fig. 15) are the mr vector- 
polygons corresponding to 
Figs. 16 and 17 respec- Fra, 17. 

lively. 

Summing up, the only theoretically possible arrangement 
of a four-crank engine with perfect primary and secondary 
balance is as follows, assuming the crank-radii all equal. 

One pair of the cranks must (a) lie in the same plane of 
revolution, (b) at an angle of 120° with each other, and (c) have 
equal reciprocating masses. The other pair must (rf) He in the 
axial plane bisecting the angle between the pair at 120° ; (e) 
J sum I 

"[difference J 
of their reciprocating masses is equal to one of the masses of 
the equal pair, the direction of the crank having the greater 
mass being at 120° with each of the two equal mass 
cranks; (/) the distances of their planes of revolution from 
that of the pair at 120° must be inversely proportional to 
their masses. 

Although the four-crank engine balanced as to primary 

I and secondai^ inertia forces is not a practicable form, from 
it may he derived practicable forms of balanced five-crank 
and six -crank engines, 
(9) Five-crank Engine with Perfect Primary and 
Secondary Balance. — Fig. 18 shows a practicable arrange- 
ment of a five-crank engine with perfect primary and 



if they point in the - 



- direction the 
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seconJary balance, derived from a combination of two four- 
crank engines arranged as in Fig. 16. The planes of 
revolution of the cranks being numbered 1, 2, 3, 4, 5 from 
left to right, draw the crank -angle diagram with three 
1 OA, OB, OC, mutnally at 120°. One four-crank set, 
as in Fig, 16, baa its two coplanar e^uai masses m placed in 



I ^ 
I]— ii 



Vj- 



/??/•/ //hA- pofyffons 



^^^k masses mi and m^, in the plane 1 and 4 respectively, in the 

^^H crank direction OA. The second four-crank set as in Fig. 16, 

^^H has its two coplanar masses equal to those of the first set, and 

^^H also placed in the plane 3, but in the crank directions OA 

^^H and OB respectively; the two masses ma and mg in the 

^^^k planes 2 and 5 respectively in the crank direction OC. We 




' Vector po/ygo- 
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have thus an engine with perfect primary and seconiiary 
halance, having fonr cranks in separate planes of revolution 
1, 2, 4, 5 ; and four cranks in one plane of revolution 3, two 
of them heing coincident at OB. But an engine with 
three coplanar cranks at OA, OB and OC driving equal 
reciprocating masses would be in perfect primary and 
secondary balance. The three equal masses at A, B, and C 
may therefore he omitted from the system, leaving one crank 
in the plane 3, in direction OB. 

If the cranks are all of the same radius, ms = 7ni + Mi 
= wia + w-s, and mih = — mili, m^z = — JwAi the ^s being 
measured from the plane 3. 

As a verification of the balance, the primary mr vector- 
1 and mrl link-polygons are shown. The secondary 



mr polygon is an im^e ol 
link-polygon in plane OY 
in plane OX 

The number of variabl 



: the primary ; the mrl secondary 
r is identical with the primary, that 

3 primary, 
bles in a five-crank engine, which 
may be assigned arbitrarily with the condition of perfect 
primary and secondary balance, is (3 X 5 — 12) = 3. If 
the centre line of the cylinders be given, defining three ratios 
between the Ts, the solution is the arrangement given above. 
We cannot assign arbitrarily all the mr's or all the crank 
angles, each of which is equivalent to assigning four variables ; 
and also impose the conditions for primary and secondary 
balance. 

(10) Engine with Five Cranks at 72°.— Take the five 
cranks at equal angles 72° (Fig. 19), and all the mr'a equal. 
Thus, eight variables are fixed, but iu choosing them we have 
assured that the primary and secondary forces are balanced ; 
so, in fact, are those of the fourth, sixth, and eighth orders. 
Numbering the planes of revolution in order from left to 
right, and the cranks as indicated by the inner ring of 
figures in the crank-angle diagram, the primary mr vector- 
polygon is a regular pentagon. The crank-angle diagrams 
of the second, fourth, . . . orders will show five cranks at 
angles of 72°, but the sequence of numbers will be as shown in 
the corresponding rings of figures. The mr vector-polygons 



BALANCING OF ENGINES 




I j/\\-yniri link po/y^ns i 




/ I 
/ / 



/??/* yector ffO/yffon 
B.M. diagram 



\ 



INERTIA FORCES OF HIGHER ORDERS 97 

are all coincident with the regular pentagon drawn, but the 
flidea are numbered differently. 

There are still three variables to be assigned; we may 
determine two from the conditioa that the primary couples 
are to be balanced, leaving still one relation between the 
variables wliieh may be assigned. Assume that '1 = — ?b 
measuring li and Is from the middle crank 3. 

Draw the primary mrl vector-polygon with respect to 
plane 3 ; its sides are parallel to those of the mr vector- 
polygon, but its side 3 is of zero length. Since li = —Is, 
the sides 1 and 5 are ec[ual ; thus determining that the 
sides 2 and 4 must also be eq^ual, and /a = — ?t. The 
engine is therefore symmetrical about the plane 3, 
The distances /i and la are proportional to the aides 1 and 
2 of the primary mrl vector-polygon. 
Therefore 



h __ cos 18° _ ^5 + 1 ^ 
Iq ~~ COS 54° ~ 2 ~ 



1'618 



Thus all the variables are determined. 

The secondary mrl vector-polygon is unclosed, showing 
a secondary tmVjalanced couple. The value of the resultant 
mrlis 

2mr(Zi cos 18° + l^ cos 54°) 

= 2mW.(co3l8°+^^^) 

The maximum value of the resultant secondary couple is 
therefore 2'662 mrliqia'lg. 

If Wi = 41b3.,r = 2 in. = ^ ft.^i = 16in. = ljft.,2= I, 
III = 104'7 radians per second corresponding to 1000 revs, 
per min., the maximum value of the couple is 134'3 foot-lbs. 
The mrl vector-polygons of the fourth and sixth orders are 
coincident with the primary, if the aeq^uence of numbers be 
altered; that is, there are no unbalanced oouples of the 
fourth and sixth orders. 

The mrl link-polygoua are shown, and from them the 
resultant bending-moment diagram i.? obtained. 



I 
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If in a five-crank engine with cranks at 72°, and equal 
piaton masses, the distances between consecutive cylinders 
each equal to I, there is an un- 
balanced primary longitudinal couple. 
Fig. 20 shows the primary mrl vector- 
polygon relative to the plane of the 
crank No. 3. The length of the sides 
1 and 5 is 2mW, that of the sides 2 
and 4 is virl. The resultant mri 
Fio- 211. vector is evidently 

2mrl (2 cos 54° — cos 1S°) 
= 0'449 mrl. 
The resultant primary coiiplo is therefore 
Q'U9mrlmyg. 

The secondary mrl vector-polygon will be somewhat 
like that shown in Fig. 19, but tlie two long sides will ba 
twice the length of the two shorter sides. The resultant 
mrl vector is then 

2mrl (2 cos 18° -I- cos 54") - 
= 4-980 mrl. 
The maximum value of the resultant secondary couple is 
therefore ■i'^SGmrlqut^l^, which, with usual values of q, will 
be more than twice the primary. 

For motor-car engines, this engine deserves some atten- 
tion from manufacturers. Its balance is better than that 
of the four-cylinder engine. With the four-stroke Otto 
cycle, the impulses from the various cylinders slightly 
overlap, so that the uniformity of torque is better than in 
the four-cylinder engine. In these two respects it is slightly 
inferior to the six-cylinder engine. In respect of constancy 
of kinetic energy of the pistons and connecting-rods, it is 
much superior to the six-cylinder engine. (See Chap. 
IX.) 

Six-crank Engine — By combining three sets of the 
four-crank engine (Fig. 16 or 17), a practicable six-crank 
engine is obtained. The three pairs of coplanar cranks 
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at 120° of the three sets are placed in the same plane LL 
(Fig. 21), ao as to have the aix ec[ual masses grouped in 
three pairs at 120'. TJieae evidently are self-balancing, and 
can therefore he omitted. Let the cranks 1 and 6 be the 



remaining pair of the first 

IL 



Taking Fig. 16 as the hasis, 

IV 




and measurlDg the I'a from the plane LL, the cranks 1 and 
6 point in the same direction. The cranks 2 and 5 of the 
second set make an angle of 120° with cranks 1 and 6, and 
cranks 3 and 4 of the third set are at angles of 120° mutually 
with 1, 6, 2, 5. Also 

miVili = —mgrela (1) 

mWa = - 'nt^^s (2) 

TTisjVa = - mtTih (3) 

and (m-ir, + mdro) = {m^r^ + mgra) =(»(a''a + "ii''i) . ("t) 



«!i2.^'^ 
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Fig. 21 shows the aiTangement of cranks, and the various 
vector-polygons. The first, seeond, and fourth mr vector- 
polygons are closed, tho sixth mi- baa a resultant OQo ~ 
3(mi?'i -|- vi^re). The first mrl vector-polygon with respect 
to the plane LL is shown ; it consists of three pairs of lines 
starting from and returning to the oidgin. If the equations 
(1) to (3) are satisfied, all the mrl vector-polygons are closed. 

If /i = -k, k= —h, h= —h and the radii are all 
equal, the in's must necessarily be all equal, and the engine 
is symmetrical ahout LL ; but the three distances l^, l^, Is 
may he assumed at pleasure. The six-cylinder motor-car 
engine has the crank angles arranged aa in Fig. 21, usually 
with equal distances between the cylinders. 

With a two-stroke cycle six-crank engine, it would be 
desirable for uniformity of torque to have the six cranks at 
60". Fig. 17 can then ho used aa the basis, and the three 
sets combined in a manner similar to that described above. 
The equations for this case are 

(iiiiri ~ ni6''e) = (wtarg - msJ-n) = {in^ri - min). 

EXEHCISES. 

1, Explain what is meant by the JQeUntaneaus &%\a of a link. A 
horizontal engine Uaa a connecting-rod five cranks in length. Find the 
velocity ratio of alido-block and crank-pin at one quarter stroke. What is 
the mean velocity ratio of crank-pin and slide-block? (Inst. C.E., Feb, 
'™-) J... l:.09:^.,. 

2. What is meant by the instantaneoiis centre of a force moving in a 
fixed plane ) A rigid body has a plane motion. Three points on the 
body A, B, and C, in Uie same plane, are such that AB = 3 feet, BC = 
2 feet, and AC = 2-G feet. At a certain insUnt it is known that the 
point A has a velocity of 4 feet per second in the direction from A to 0, 
and that the point B is moving in the direction from C to B. Show how 
the velocity of any other point on the body may be obtained, graphically 
or otherwise, and determine the values for tie velocities of B and the 
point midway between A and B. (Inst. C.E., Feb. 1899.) 

^ns. 5'8fL/sec.; 3-2 ft./seo. 
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3. In a steam-engine the piston at the beginning of its stroke is 
exposed to a total pressure of 2000 lbs., but the inertia is such that the 
thrust of the piston-rod at the cross-head is only 1600 lbs. The speed of 
the engine is now raised until it becomes half as great again as before, 
while the steam pressure is unchanged : what is the thrust of the piston- 
rod ? (Inst C.E., Feb. 1899.) Ans. 1100 lbs. 

4. If the figures in Example 3 refer to the piston at the beginning of 
itB forward stroke (i,e. when the crank-pin is between the shaft and the 
cylinder), and the connecting-rod length is twice the stroke, find the 
thnist of the piston-rod at the cross-head when the piston is beginning its 
backward stroke, for both the initial and the increased speeds of the 
engine. Ans, 1760 lbs., 1460 lbs. 

5. Discuss generally, the influence of " short " and ** long " connecting- 
rods on the magnitude of the unbalanced force in a four-cylinder motor- 
car engine. 



CHAPTER VII 



TRANSVERSE COUPLES DUE TO CONNECTING-RODS 

(1) Angular Acceleration of Connecting-rod,— The liuear 

motion of the masa-centre of the connecting-rod having heen 
acconnted for hy replacing its mass by two masses at the 
orank-pin and cross-head respectively (sect. 1, Chap. V.), 
there still remains a transverse couple required to give the 
rod its angular acceleration at any instant. The opposite 
couple of reaction tends to rock the engine frame about an 
axis parallel to that of the crank-ahaft. 

Using the notation of sect. 3, Chap. VI., the angular 
acceleration of the rod when the crank is at the angle 6 with 
the dead centre is 

a = -w'(Ci siad-i-Ca sin 30 + G^ ain5d + . . .) (1) 
The exact values of Ci, Cg, Ce, ■ . - are investigated 
below. It will usually be sufficiently accurate to take the 
first term in each aeries, in which ease (1) may be written 

<■ = -^"(q sin e - |§8 sin Se -1- ,y*s9« sin 58- ...) (2) 

Multiplying both sides of (2) by JJg, where I is the moment 
of inertia of the rod about an axis through its mass-centre 
parallel to the cranTr- shaft, we get the value of the transverse 
couple of acceleration, in gravitation units. 

C = - — (Ci sin e -{- Cg sin 39 + Cs sin 5 9 + . . .) (3) 

(2) Analytical Investigation.—From Fig. 9, Chap. VI. 
^P = r sinO = I sin ij, 
sin $ =j- siu 9 = 5 sin 
Let a: = sin ^ ; then iji = sin~'a; 



I 

I 
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Expanding by Maclaurin'a theorem 

^ = X + p.^ + ^^^af' + ^^^x' + . . . 
that 13 

ijt = qaiaO + l-r/ sin^fl + -^i,^ sin^fl + , . . (1) 

Using the general formula (aoc Toilbimter's " Trigono- 
metry ") 



'X — l)a sm''9 = suin6-~n5in.(n — 2)0+ 



»(— 1) . 



+(-1)- 



« .("-i)---i(»+3) 



Bin 9 (2) 



We get, when Ji = 3, 

-2'sin»8 = sm89-3 8ine 
ein'S = -i ain 39 + i sin 9 

td when n = 5. 



(3) 



2* ein^fl = sin 59-5 sin 39 + 10 sin 9 
or, siu'^6 = i\ sin 59 - f>g sin 39 + g sin 9 . (4) 

Suhstitnting from (3) and (4) in (1), we have 

* = A ain 9 + A, sin 39 + Aa sin 69 + . (5) 

where At, As, . . . liave the following values : — 

At = l + lf + As" + • ■ ■ 
■4. = - As" - ■iliS' - . ■ . 
■4. = bJoS" + ■ ■ ■ 

Taking for Ai, A3, , . . the first term in each series, we 
have approximately 

= g Bin e - ^if sin 30 + j^^g^ sin 59 . (5a) 
The angular velocity of the connecting-rod is 



. '^f 



dip d^ dH c 
di ^ dO' di ~ '^c 

= w(Ai eoa 6 + SAg 



■) . (G) 



r 
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Similarly, the angular acceleration a of the rod is 



» + 9As Bin 36 + 25Ab sio 58 + . . .) 



*'*- -,,fA, 
-Jli- -""(Ai 

OP, o = - »«(C, sia 8 + Ca Bin 39 + C, Bin 59 + , . .) (7) 
where Ci = Ai = 2 4- Jj^ + ,;^4g* + . . . 

C, = 9A, !. - iV - -;'.J,f "... 

C. =25Aa= ,i|,s«+... 

Table VI. gives the accurate values of Ci, Cg, Cs, for 
various values of q. 



Coefficients for Thansvekse Couples of First. Third, 
AND Fifth Orders 



7=5 


Si 


1 


*i 


5 6 


7 


0. 


0'2887 


0'2520 


0'228fi 


0-2010 


0'1673 


01432 


c. 


-00091 


-OOOGO 


-0-0042 


-0-0030 


-0OO17 


-00011 


P> 


0-0002 


O'OOOl 


00001 


0-OODO 


OOOOO 


OOOOO 



k. 



(3) Transverse Couples, Primary and of Hig-her 
Orders. — The first term in the expression for G may be 
called tbe primary transverse couple, the successive term& 
the transverse couples of the third, fifth, , . . orders. Th^ 
transverse couples of the third, fifth, . . . orders are evidently 
the same as primary transverse couples of engines running ah 
three, five, . . . times the speed of the crank -shaft. If 
the maximum values of the transverse couples of the thir^ 
and fifth orders are approximately gggths and isosoths tha|t 
of the primary. 

The maximum value of the primary transverse eoupJe 
occurs wheu sin = ±1, i.e. when the crank is at rigllit 
angles to the line of stroke, and is evidently + ICnu^/^. 
primary transverse couple may therefore be regarded as tl] 
projection on a line at right angles to the line of stroke, i 
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1; 
I 



vector qimntity of constant magnitude rotating with tlie 
crank. 

(4) Resultant Primary Transverse Couple.— If the 

engine has several cranks on the crank-shaft, the resultant 
transverse couple is ohtained by algebraic addition of the 
transverse couples of the several connecting-rods, since the 
axis of each transverse coiiple is parallel to the crank-shaft. 
If q is the same for all the rods, so also is Ci, Cg . . . Thus 
drawing a vector-polygon with its sides parallel to the various 
cranks, and of lengths Ii, Ij . , . , the resultant transverse 
couple at the instant is the projection on a line at right 
angles to the line of stroke of the resultant vector I multi- 
plied by CiiJ'Ig. If the connecting-rods are in balance as 
regards the primary transverse couple, the primary I vector- 
polygon must be closed. 

If in the engines with cranks as represented in Figs. 6, 7, 
11, Chap. III. ; Fig. 1, Chap. V. ; and Figs. 19, 21, Chap. VI. ; 
the cranks and connecting-rod are all similar, the primary I 
vector-polygon is closed in each case, and the connecting- 
rods are in primary transverse balance. 

(5) Resultant Transverse Couples of Higher Order. 
— By drawing I vector-polygons with theiv sides making 
angles three, five, seven . . . times those made by the cranks 
with the line of stroke, as described in sect. 5, Chap. VI., 
for inr vector-polygons, the resultant I of the orders 3, 5, 
7 . . . can be obtained. 

If an engine has an even number of cranks at equal 
angles, and if the cranks and connecting-rods are all similar, 
the resultant I's of all orders are zero, and the connecting- 
rods are in perfect transverse balance ; as is evident also 
from the elementary consideration that at any instant the 
angular acceleration of pairs of connecting-rods are equal 
and opposite. 

With engines having cranks in three axial planes at 120° 
(Fig. 11, Chap. III.; Figs. 18, 21, Chap. VL), the I vector- 
polygons of the third, ninth, fifteenth . . . orders have their 
sides all lying in the same direction, and the corresponding 
transverse couples are unbalanced. 



io6 
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Example. — Find the maximum value of the transverse 
couple due to a locomotive connecting-rod; the data being 
as follows: — Stroke 26", connecting-rod length between 
centrea 78", i.e. q = i, weight of connecting-rod 360 lbs., 
driving-wheels 6 feet diameter, speed 70 miles an hour. 
70 X 5280 



3600 X 3 



- 34-2 radiaoa per sec. 



I may be calculated if the dimensions of the connecting- 
rod are known ; a rough approximation may he made as 
follows : — Taking the mass-centre at one-third the length 
measured fram the big end, 240 lbs. mass may he taken at 
the big end, 120 lbs. at the small end, I is then, very 
roughly 

240 X (^- y -I- 120 X (Jg/ = 33S0 lb.-ft.« 

value of the primary transverse couple is 



The 
approximately 



r ,, 34-2^x3380 X 1 ^^. .,,-,, ., 
iq^Vy = -^^.^^ = 20,450 lb.-ft. 

Example. — In an engine for a motor-car, each connect- 
ing-rod weighs 8 lbs., the length between centres is 121" 
stroke = 5", i.e. § = J. Find maximum value of transverse 
couple due to one connecting-rod at a speed of 1500 revolu- 
tions per minute. 

Take the value of I as 1 lb.-ft.^, which wlU not he far 
from the truth, w = 156 radians per second. The maximum 
value of the primary transverse couple is approximately 
^ „, 156^ X 1 X 1 

The maximum value of the third order couple is the 
above multiplied by H?^, i.e. 
151 X 3 X 1 



= 151 lb.-ft. 



8 X 25 



= 2-2C Ih.-ft. 



In a two- or four-cylinder engine, with cranks at 180°, the 
primary and third orders transverse couples balance each other; 



J 
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in a three-cylinder engine, with cranks at 120°, the primary 
couples balance, but those of the third order are added, the 
resultant maximum transverse couple being, for three equal 
connecting-rods as above, 6*78 Ib.-ft. In the six-cylinder 
engine with cranks at 120°, the maximum transverse couple 
is twice the above, that is 13*56 Ib.-ft. 



CHAPTER VIII 



ENGINES WITH CYLINDERS IN DIFFERENT 
LONGITUDINAL PLANES 



(1) Most engines have the axes of tlie cylinders lying in 
the same piano passing through the axis of the crank-shaft ; 
e.g. the usual types of Btationary land engines, locomotives, 
and marine engines. A few types depart from this feature, 
the two-cylinder one-crank engine for motor- bicycles, the 
eight-cylinder petrol engine for motor-cara or launches, the 
" Brotherhood's " three-cylinder one-crank steam-engine, 
the four-cylinder one-crank hydraulic engine, and some 
paddle-wheel marine steam-engines. 

(2) Multicylinder One-crank Engines. —In a one- 
crank multicylinder engine the axes of the cylinders are in 
a transverse plane, at right angles to the axis of the crank- 
shaft. Let the transverse plane be the plane of the paper 
(Fig. 1) ; the centre of the crank-shaft ; OCi, OCa, . . . 
the centre linos of the cylinders. Let OP he the crank in 
any position, then the crank-pin P has several connecting- 
rod ends jointed to it, the other ends reciprocating along OCi, 
OO2 ... Of these only one is shown in the figure. The 
acceleration of each piston and the corresponding inertia force 
is along the axis of the cylinder or line of stroke. As dis- 
cussed in Chap, VL, this acceleration or inertia force can 
be expressed as the sum of those due to simple harmonic 
motions of the first, second, fourth . , . orders. As discussed 
in Chap. IV., the simple harmonic motion of any order of a 
mass m, along the line of stroke is equivalent to two uniform 
cu-eular motions in opposite directions of two masses each 
\m, the said two revolving masses coinciding with the 
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orauk-pin on the line of Btroka The mass revolving in the 
same direction as the crank-pin may be called the equivalent 
forward mass, that revolving in the opposite direction the 
equivalent reverse niEias. To get the resultant inertia force of 
the order h due to the n cylindera, there will be ra forward 
masses and n reverse masses revolving at k times the speed 
of the crank. By the methods of Chap. III., the resultant of 
then forward masses will be a single resultant forward mass, 
that of the n reverse masses a single resultant reverse mass. 

(3) Resultant Primary Forward Unbalanced Force. 
— Let mi, ma, ... be the masses at the respective cross- 
heads, then evidently the resultant primary forward mass ia 
J(7«i + 7)12+..) at the crank-pin, and revolves with it. 
This can always be balanced by a counterbalance mass 
opposite the crank. 

(4) Resultant Primary Reverse Unbalanced Force. 
— Let the lines of stroke OCi, OCa, . . . make the angles 
3i, p3, . . . with any Une of reference OX (Fig. 2). When 
tlie crank-pin ia at Pq on OX, the primary reverse mass 
^)jii is at Pi' ; the angles CiOPg and CiOPi' being equal, 
that is, the angle XOPi' ia 2)3i. Similarly, when the 
crank-pin is at Pq, the primary reverse mass ma is at P2', 
the angle XOPa being 2/3a ; and so on for the other 
cylinders. Draw the mass vector-polygon (Fig. 3) with its 
sides of length mi, ma ... at angles 2(3i, 2/33, • ■ ■ with 
OX; OQp being the resultant of the n mass vectors, 4OQ0 
represents in magnitude the residtant primary reverse mass, 
and its position when the crank-pin is at Pq. 

The primary reverse unbalanced force is therefore 
OQ X r<i/l2</. This is a force constant in magnitude, and 
revolving in the opposite direction to the crank. 

(5) Resultant Forward and Reverse Unbalanced 
Forces of Higher Orders,— Again, the simple harmonic 
motion of the /.th order of a mass m is equivalent to two 
unifonu circular motions (a forward and a reverse) of two 
masses each ^m, revolving at k times the speed of the 
crank. When the crank ia at OPp, coincident with OX 
(Fig. 4), the forward and reverse maaaes of the Ath order 
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The resultant forward mass vector of the kth order, 
corresponding to crank at OPg, ia therefore obtained thus : 
Draw the mass-vector polygon (Fig. 5) with its sides of 
length mi, ma, ... at angles (k — l)/3i, {k — l)J3a, . . . 
with OX in the forward direction of rotation, OQq being the 
resultant of the mass vectors. 

The resultant reverse mass vector OQ^ of the Hh 
order corresponding to crant at OPq ia obtained by drawing 
the mass vector-polygon (Fig. 6) with its aides mi, m^, . . . 
at angles (k + 1)^1, (k + l)j3a, ■ ■ ■ with OX in the reverse 
direction. 




6%14-*^'^, Forward 
2''4/0'fi,revers& 



(6) Example. Two Equal Cylinders at go".— This 
type of engine is much used for motor bieycloa and tricara. 
Fig. 7 represents it diagrammatically, and its maaa vector- 
polygons. The primary reverse mass vector-polygon is 
closed, the primary balance ia therefore perfect if the 
primary foi'ward counterbalance mass is correct. The 
resultants OQo of all other orders are each V2m, and 
the resultant mass vectors are each mj*/2, m being the 
reciprocating mass for each cylinder. When the crank 
ia in the direction OX bisecting the angle between the 



^^m cylinders, 
^^f same direc 
I direction. 
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cylinders, tlie resultant second forwaid mass vector is in the 
same direction, the resultant second reverse is in the opposite 
direction. The second forward and reverse rotating mass 
vectors have therefore a resultant always in a direction at 
right angles to OX (sect. 4, Chap. V.), its maximum value 
being V2m. Thus the secondary unbalanced force is a 
reciprocating one in Oie direction at right angles to OX, its 
greatest magnitude being approximately ^/2mrqii^/g,0T exactly 
V2BaA, where A = mroi^jg, and Ba is the coefficient from 
Table Y., Chap. VI. 

SimUaiiy, from the forward and reverse mass vector- 
polygons of the fourth order, it is easily seen that the un- 
balanced force of the fourth order reciprocates along OX, its 
maximum value being approximately 

or exactly, v'2B4A. 

(7) Even Number of Equal Cylinders at Equal 
Angles. — The four-cylinder one-crauk engine has been used 




^^B for hydi'aulic engines. It cannot be used for a gas or petrol 

^^V engine working on the Otto four-atroke cycle, if the impulses 

^^H are required to take place at equal intervals. Fig. 8 repre- 

^^K acuta it diagrammatically, together with its mass vector- 
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polygons. It will be noticed that these are all closed, so 
that this engine baa no unbalanced force of any order. The 
resultant transverse c-oaple due to the angular swing of the 
Gonnectiug-rods being obtained by algebraic addition, the 
method is the same as discussed in Chap, VII. for the 
engine with cylinders in the same longitudiaal plane, and 
with four cranks at 90"; in which case there is no resultant 
transverse couple of any order. Therefore, this enginf 
mathematically in perfect balance. 

It is easily seen that the same is true for a one-crank 




engine with any even number of cylinders at equal angles, 
provided the number of cylinders is greater than two. With 
two cylinders the primary reverse mass vector- polygon haa , 
the resultant OQ,, = 2m, the mass vector-polygons of higher 
orders are all closed. 

The perfect balance of the one-crank four-cylinder enguie 
can easily be proved from elementary considerations. Fig. 9 
shows it diagrammatically, with the crank-pin P in any 
position. From P drop the perpendiculars Ppia, and Pjjm on 
to the two lines of stroke. Join j)ib ^31. cuttmg the crank 
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OP at G. If tlie four pistons are exactly similar, and 
likewise the four connecting-rods, the joint mass-centre of 
the two pistons Ci and Cg Ja at pia. Similarly, the joint 
centre of the two pistons Ca and d is at pn. It is 
easily seen that G is midway between p^ and ptu, therefore 
the joint mass-centre of the four pistons is at G, It is easily 
seen that G is midway between and P. Therefore, the 
four pistons can be perfectly balanced by a counterbalance 
mass equal to that of two pistons placed at P' at the same 
radius as the crank-pin P, in PO pi-oduced. 

Let Qi, Qa, Qs, Qi he the mass-centres of the four con- 
necting-rods. Join Qi Qa, cutting Ppig at jy ; and join Qa 
Qj, cutting PpB4 at jm. Join jja gm cutting OP at g. It is 
easily seen that 17 is a fixed point on the crank OP, and is the 
joint mass-centre of the four connecting-rods. The connect- 
ing-rod maases can therefore be perfectly balanced by a 
counterbalance mass M at V, such that M X OP' = mass of 
the four rods X 0^. Thus, with a suitable counterbalance 
mass, the mass-centre of the system is always at O. 

The angular swings of the two rods CiP and CbP are at 
any instant equal but opposite ; theii- transverse couples, 
therefore, neutralize each other. Similarly for the two rods 
CaF and C4P. 

(8) Odd Number of Equal Cylinders at Equal Angles. 
— The " Brotlierhood " single-acting stcam-eugioe, with three 
cylinders at 120", and one crank, is a well-known example. 
The same arrangement is readily adaptable for a gas or 
petrol engine, working on the Otto cycle, as the impulses 
cau take place at equal intervals. Probably five is the 
greatest number of connecting-rod ends that can be con- 
veniently jointed to one crank-pin ; it is possible that such 
an engine may be used, as its balance and other dynamical 
qualities are very good ; and the type can be made much 
lighter than an engine with the same number of cylinders, 
and with a crank for each cylinder. 

If n is the number of cylinders, at equal angles, the 
angle between two adjacent cylinders is 2Tr/n, and if the 
Mil, w^ - . . are all equal, the mass vector-polygons are 
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all equiangular and equilateral. The external angle of the 
primary reverse polygon is 4ir/?i, of the second forward and 
reverse 2irln and Stt/ji respectively, of the fourth forward 
and reverse 6?r/n and IOtt/ii ; and so on for higher orders. 
If either of the above angles is 2it, or a multiple of 2ir, the n 
sides of the corresponding polygon are all in the same 
direction, the polygon is unclosed, and the resultant vector 
OQo is nm. The other polygons are all closed. Thus 




4% f4-'.^, reverse 

Fig. 10. 

it is easily seen that all the vector-polygons are closed, except 
the reverse mass vector-polygons of the orders (n - 1), 
(3» — 1), (oTi — 1), . . . and the forward mass vector- 
polygons of the orders (w -|- 1), (3m -f- 1), (5k -f- 1). . . . 

The ahove discussion is illustrated by Fig. 10, which 
shows a five-cylinder one-crank engine, and the derived 
mass vector-polygonsj wliich are all closed except the reverse 
of the orders 4, 14 ... , and the forward of the orders 
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I 6, 16 . . . Hence, in this case, the largest unbalanced force, 
the reverse of the order 4, is approximately 



I 
i 



or exactly, gBjA, 

(9) Eight-cylinder Four-crank Engine. — The eight- 
cylinder four-crank petrol ei^ine, as used for motor-cars and 
launches, usually has the crank-shaft arranged as in Fig. 7, 
Chap. IIL, like that of the usual four-cylinder engine. The 
angle hetween a pair of cylindera is 90°, as in Fig. 7. With 
this arrangement the impulses take place at equal intervals, 
and a very even torque is obtained. 

The primary balance for each crauk with its pair of 
cylinders is perfect if a suitable counterbalance mass be 
used. Therefore, the eight cylinders and four cranks with 
four counterbalance masses, will alee have the primary 
balance perfect. But the four equal counterbalance masses 
are balanced among themselves if the distances between the 
cranks arc 'equal. The counterbalance masses may therefore 
be omitted without affecting the primary balance. Since 
the angle between the actual cranks is 180°, that between 
the imaginary secondary cranks is 360'. That is, the four 
imaginary secondary cranks are in line. Therefore, the 
resultant secondary unbalanced force is four times that for one 
crank, that is approximately iij^mrqui^jg, or exactly, 4V2B2A. 
The same relation is tnie for the unbalanced forces of higher 
orders. 

If the four cranks are set at 90° (Fig. 11), the angle 
between the imaginary secondary cranks is 180°. Thus the 
secondary balance is similar to the primary balance of a four- 
cylinder four-crank engine (Fig. 7, Chap. III.) running at 
twice the speed. Therefore, in this case, the secondary 
balance is perfect. To maintain the perfect primary balance 
the four counterbalance masses, or an equivalent system, 
ted by BB (Fig. 11), must be fastened to the 
crank-shaft. 



I 



ii8 BALANCING OF ENGINES 

To maintEtiu the equal intervals between the impulsea, 
the timing of the ignition in the various cylindei-a must be 
rearranged. The numbers shown in Fig. 11 indicate one 




possible 3ec[UBnce of ignitions in the cylinders, giving 
impulses at equal intervals. 

The largest unbalanced force will be that of the fourth 
order, of maximum value approximately i/lmr^w^jg, or 
exactly iJ^B^k. 

(10) Two-crank Multicylinder Petrol Engine.— By 
taking two sets of the four-cylinder one-crank engine (Fig. 
8) to form an eight-cylinder two-crank engine working on 
the Otto cycle, the impulses can be obtained at equal intervals. 
If the cylinders are placed side by side in pairs, the two 
cranks may be parallel, at 90° or 180°. The engine will 
of course be in perfect balance, if the primary counterbalance 
masses on the crank-shaft are properly arranged. 

By taking two sets of a oue-crauk three- or five-cylinder 
engine (Fig. 10), a two-crank six- or ten-cylinder engine can 
be made. If the cranks are at ISO"", the unbalanced forces 
all cancel out, leaving an unbalanced couple of the same 
order as the unbalanced force in the one-crank engine. 
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To keep the impulaes at eq_ual intervals, the two sets of 
cylinders should be "staggered," i.e. in a view looking 
parallel to the crank-shaft, tho six or ten cylinders will be 
at equal angles of 60" or 36" respectively. 

(11) Marine Engine with Oblique Cylinders. — Fig. 12 
shows diagram matically a type of engine Boniefcimes used for 
paddle-wheel steamships. The craak-shaft being at a con- 
siderable distance above the water-line, to keep the inaas- 
eentre of the engine low, one cylinder, the low-pressure, is 
placed low down in the ship, the high-pressnre cylinder 
above it. The axes of the cylinders are inclined, OCi and 
OCa (Fig. 12), the angle CiOQj being as small as possible 
consistent with the dimensions of the cylinders. The angle 
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PiOPg between the two cranks is the complement of the 
angle C1OC2; so that the torque on the shaft is simOar to 
that in an engine with two coplanav cylinders, and cranks at 
90°. The planes of motion of the connecting-rods are as 
close together aa the conditions will admit. The two crank- 
pins are connected by a drag-link P1P3, and each crank has 
only a single cheek. 

In Fig. 13, draw the centre lines OCi and OCa parallel 
to the lines in Fig. 12, and take an axis of reference OX 
bisecting the angle C1OC2. Draw the cranks OPi and OP2 
at equal angles with OX, as shown. 

Considering the primary unbalanced forces, the mass mi 
reciprocating along OC'i is equivalent to a forward and 
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isa each Jwii, which coincide on the line OCi. 
When the crank-pin Pi is in the position shown, the reverse 
mass ^mi is at Pi', the angle CiOPi' being equal to the angle 
CiOPi. Similarly, the corresponding position of the reverse 
mass Jnia at Pa is obtained. The resultant of the two reverse 
masses ia a mass ^(»h + vi^) on the line Pi'P^'. If ttii = wia. 
P' on OX is the position of the resultant reverse mass. The 
resultant forward mass is on the line P1P3, lying at p on OX 
if iiii = vi^. This can be balanced by a counterbalance fixed 
opposite the line bisecting the angle PiOPg, in which case the 
primary unbalanced force will be of constant magnitude, 
rotating in the reverse direction. If no counterbalance mass 
is fitted, the resultant primary unbalanced force is in general 
elliptical, and is determined by the method of Fig. 5, 
Chapter V. If the angle CiOCa is 45°, PiOjP is also 45", 
and P' coincides with ; that is, the primary reverse force 
is zero. 

There will be also a primary reverse couple, of magnitude 
^-P'Pi' X trdiJ'jg. The unbalanced forces of the second and 
higher orders can be found in a similar manner. 



Bkbecisbs. 

1. In n, V-type twin-oylindev motor-cycle engine ; the angle between 
the cylinders is 60° ; stroke, 80 millimetrea ; connecting-rod = 6 cranks ; 
the reciprocating mass is IJ lb. for each cylinder, and the engine ia half- 
balanced. Determine with an accuracy of 1 in 1000, the largest 
unbalanced force at a speed of 2500 revolutions per minute. 

An?, Ut reverse, 174'4 lbs. ; 2nd forward, 61'0 Iba. ; 2nd reverse and 
4th forward, zero ; 4th reverse, 0'59 lb. 

2. If in the above engine the angle of the cylinders is 90°, determine 
the largest unbalanced force. Ana. 2a&, 99*60 lbs, ; 4th, 0-99 lb. 

3. In a three- cylinder ono-oranb motor-cyele engine the angles between 
the cylinders are eO^andGO". The rest of tbedata being aa in Example I, 
determine the largeat unbalanced force. 

Ans. 2nd forward, 70'40 lbs.; 2nd reverae, 35-23 lbs.; laigeat 2nd 
order, 1057 lbs. 
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CHAPTER IX 



KINETIC ENERGY OF PISTONS AND 
CONNECTING-RODS 

(1) Kinetic Energy of Piston.— Let OP and PC (Fig. 1) 
be the crank and connecting-rod in any position, and let OZ 
be drawn as in sect. 1/Chap. VI. The kinetic energy E^ 




Fig. 1. 



stored in the piston at the instant is mY^/2g, m being the 
mass and V the speed of the piston. 



Then since V = 



V 

OP 



mv^ OZ? 



In Fig. 1, mark off OZi along OP equal to OZ, and draw 
ZiQi parallel to CP, cutting OZ at Qi. 



Then 



OZ__OQi ^0Z2_0Z OQi _ OQi 
OP " OZi' 0P2 "" OP ' OZi ■" OP 
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Substituting above, 



E. 



00, 
'01' 



(5) 



If OQ be set off along OP equal to OQi, the locua of Q 
will be a polar curve Bbowiiig the variation of the kioetic 
energy of the piston. Fig. 2 is the polar curve of kinetic 
energy of the piston for the case where the connecting-rod 
length ia three and a half times the crank length Fig. 3 is 




90 I20 fSO /SO 2/0 240 270 300 330 3£0 
Kinetfc Energy of Piston 

Fia. 3. 

the corresponding rectangular cnrve, the abaeissie being the 
lengths of the path deseiibed by the crank-pin. 

(2) Kinetic Energy of Connecting-rod. — The total 
kinetic energy of a rigid body may be expressed as the sura . 
of its energies of translation and rotation. The kinetic 
energy of translation, or the linear energy, is the same as if 
the total mass of the body were concentrated at, and moved 
with, the same linear velocity as its mass-centre. Since the . 
square on the hypotenuse of a right-angled triangle is equal 
to the sum of the squares on its sides, the linear energy of a 
body ia the sum of its component linear energies in any two 
directions mutually at right angles. This principle ia used 
in sect. 4 below, to find an algebraic expression for the linear 
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r energy of the connecting-rod. The kinetic eaeigy of rota- 
tion is the same as if the mass-centre of the body were 
fixed in space and the body rotated about an axis through 
the mass-centre parallel to the instantaneous axis with the 
same instantaneous angular speed. 
Let G (Fig. 1) be the mass-centre of the connecting-rod, 
I = mA^ its moment of inertia about an axia through G, 
parallel to the crank-shaft, k" being the square of its radius 
of gyration. Let Vj, be the lineai' velocity of G. Then the 
kinetic energy of the connecting-rod ia the sum of the linear 
energy of the mass m concentrated at G moving with speed 
Vg, plus the angular eneigy of the rod about ita mass-centre. 
Thus, kinetic enei^ of connecting-rod 



I 



= ^-f « 

where wj is the angular velocity of the connecting-rod. 
Draw OH parallel to JG, cutting PZ at H (Fig. 1). 
Since the points P and G on the connecting-tod are at 
the instant each rotating about the instantaneous centre J, 
V, _ JG _ OH 
t. ^ JP~OP 
,, OH 

OH3 along OP equal to OH, and draw HaQg 
parallel to CP, cutting OH at Q3. 

OH_OQa ,OH"_OH OQjOQ, 
OP ~ OH,' OP" ~ OP ■ OH, "OP 

Substituting above 




V > = »> 



OQ, 



OP 
Thus, linear energy of rod 



R = -r 



«U^_ OQ3 



2g OP 
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Figs. 4 and 5 are respectively polar and rectangular 
curves ahowing variatioa of linear energy of the rod. 
Broadly apeakiug, the ordinatea Fig. 5 may be said to be 
made up of a constant part plus a part which varies some- 
what as in Fig. 3. The analogy is the same as considering 
the mass m at to bo replaced by two equivalent masses at 
P and C respectively, the mass at F having constant linear 
i therefore constant kinetic energy. If the mass 




, ' I ' I I I I I ' t 

p 'go ISO ^o /^o /jo JBO zjo 2*o g^ 390 3$o 3 §a 

C/'neaf energy of connecting rod 

Fig. 5. 

at P is constant, that at C, however, would have to vary for 
different positions if the sum of the linear energies of the 
two equivalent masses were always equal to that of the mass 
Wi at G. 

The angular velocity of the connecting-rod about the 

instantaneous centre J is y=- 

The angular velocity of the crank is ^-^. Therefore 

^_j^ OP _ 0P_ PZ r PZ 

u,-JP'i) *"■ '^'' - '^JP - '"PC ^ r T' 
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^1 PZ< 

^H Mark off rZj along PO equal to PZ, and draw ZaQa parallel 

^H to OZ, outting PZ at Q,. Then 

^1 Tl 

^B TI 
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PZ _ PQ, J 52 _ J^ £* _ PQ? 
PO ~ PZ,' r' ~ PO ■ PZj ~ PO 



Therefore 



t PQ. 
" f'PO 



Thus, angular energy of connecting-rod is 

mW PQ,_m^ ^ PQa 
2jP ■ PO ~ 2j ■ C ■ PO 

Figs. 6 and 7 are respectively polar and rectangular 





30 60 ao ISO ISO lao 310 2*0 S70 300 330 360 
Angular energy of /connecting' rod 



curves showing variation of angular energy of rod, which is, 
of couiBe, a 'niaKimum when the crank is on the line of 
stroke. 
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(3) Kinetic Energy of Piston. Analytical Method. 

— The displacement of the piston when the crank has turned 
through the angle 6 from the dead centre 



x = rcose + l(Ao + Aacos 20 + 

where the coefficients Ao, Aa, Aj, . . 
in sect. 3, Chap. VI. 

__dx _^ dx dd _ 
'" ~ ~dt ~ dh' di " 



Also 



Mos 46+...) (1) 
have tlie values given 



dt 



Therefore, by differentiating (1), 
V = -<,.{»• sin + ^(2 Agsiu 29 + 4A4sin4 
or remembering that / = r/y, 

v = — (ijr(siii + Ba sin 2ft + B4 sin 4 



..)} (2) 



wliere 


B, = iA,= lq + if +jA<f + 




B, = 4A, = - ,irf - f\,' - 




B, = 6A. = ,1,^ + 



sin^e + Ea= ain^2e + Bi" sinHfl + . . . 
+ 2Ba sin ft sin 20 + 2B4 sin ft sin 4ft + . 
+ 2BaBi sin 2ft sin 4ft + . . . 



f (3) 



By mean.? of the well-known formula in Trigonometry, 

2 sin A ain B = cos (A - B) - cos (A + B), 
(3) may be written * 



+ B2(cos fl - cos 3fl) + BiCcc 
+ Bb(cos 5ft - cos 76)+ ... 
+ BaB/cos 29- Oe)+ ... 



■ cos 5ft +) 



i 
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Tluit is 
v'' = r„¥^Co + Ci COS e + Ca cos 20 + Ca cos 3fl + . - -) (4) 
where the coefficients have the following values : — 
Co = i(l + BaH...) = h -hW +1^ + 

C3= -Ba + Bj. = -J5 -^\f -iaW- 

C4 = iB,«+ = -is^ ' -^1,5* ■ ' - 

Cb=-B4+Bo. = -^5" +-2^i-e^ + 

Ob = B2B4 + - ,i,y 4- 

Ct= -Be+Bs. = -sU'f-/ 

When 6 = 0, the piston is at the beginning of its stroke, v 
is zero, and cos 9, cos 2S, etc., are each equal to unity, and 
^H the sum of the coefficients Co, Gi, Ca, must be zero, wiiatever 
^H be the value of q. The sum of the coefficients Co, Ci 
J^f Ca, . . . can be expressed as a series with ascending powers 
of q, and as the sum is zero for all values of j, the co- 
efficients of the various powers of j in the series must each 
be zero. This gives an easy check on the accuracy of the 
expressions for Co, Ci, Ca. . , . The number of terms stated 
in each expression (5) is such as to enable a calculation 
to be made to an accuracy of 1 in 10,000. The following 
table gives values of Co, Ci, Ca, . . . for various ratios of 
connecting-rod length to crank length, the range being 
wide enough to include most cases in practice, from an 
extremely short rod, to a very long rod, as found in some 
locomotives. 

The kinetic energy of the piston of mass m is 




(Co + Ci cos « + Ca cos 20+ Ca c 



■) (fi) 
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TABLE VIL 

Coefficients for Kinetic Eneegy of Piston. 



H 


Si 


4 


ii 


5 


e 


7 


0, 


0-5106 


0-5080 


0-5063 


0-5051 


0-5035 


0-5026 


c, 


0'U59 


0-1270 


01125 


0-1010 


0-0839 


00718 


c. 


-0-5002 


-0-5001 


-0-5001 


-0-5001 


-0-5000 


-0-5000 


c. 


-01474 


-0-1280 


-0-1132 


-0-1016 


-0-0842 


-0-0720 


c. 


-0-0106 


-0-0081 


-0-0063 


-0-0051 


-0-0035 


-0-0026 


c. 


0-0016 


0-0010 


0-00O7 


0-OOOS 


0-0003 


00002 


c. 


0-0002 


0-0001 


0-0001 


0-0001 


0-0000 


00000 



(4) Linear Energy of Connecting-rod. Analytical 
Method. — Let V^ and Vy be the components, respectively 
parallel and at right angles to the Hue of stroke, of the linear 
velocity V of the mass-centre of the connecting-rod. Then 



Y^ = v/ + V 



(1) 



Let g = a(Fig.l); ^ = b 

Then ^P = r sin 0, and the vertical component of P's 

velocity is »• cos -^ = wr cos 0. 

The vertical component of G's velocity ia a times this 
value; therefore 



-^(1 + cos 20) 



(2) 
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The horizontal component of P's velocity is - mr sin 0, Let 
this be called i^p, and let v^ be C's velocity ; then 

Vx = avp + bvc (3) 

zu,r sin (J - b<^r(sm 9 + B^ sin 28 + Bj sin 4fl + . . .) 



Since a 



I 

^M B,.B< 

^B But Y' = v, 

^H formiiig b7 the formula 

^^ 2 sin A sin B = cos (A 

V> = 
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■» = 1, 

w?-Jsin fl + 6{B2 siu 29 + Bj sin 46 + . . 
6 + i'B," sin" 29 + WB^' sin" 49 ^ 
,a^ I + 2iBa sin 9 sin 29 4- 26B4 sin 9 sin 49 - 
4- 26"BgBi sin 29 sin 40 + ... 



.)! W 



(6) 



. . . having the values stated in sect. 3, 

+ Vy\ therefore adding (2) and (5) and trans- 

- E) - cos (A + B), 



V'B.;' 



I 



*2(l+cos29)+i(l-cos29) + 

:' +iB,(cos9-coa39)+SB4(cos.39- 
1 +6'BjB,(cos 29-COB 66)+ . . . 



(1 -cos 49)+. 
cos 59)+ ., . 



That is, 

V" = a."?J(Do + Di CO! 9 + Ds COS 29 + D, cos 39 + 

where Do, Di, Da, . . . have the following values :— 



D, 
D, = 
D, = 



rt" + 1 



+ »"«?" ■ 

Kk + it' 

»' - 1 >";' 
2 32 



.) = 



-...) = 



■ + l-t"j 



S"C, 



. ■) (7) 



(8) 



D, = iC, 
D, = 6"C, 
D, = 4C, 
D, = S"C« 

where Ci, Ca, . . . have the values given in sect. ', 
The linear energy of the rod is therefore 



e + D3C08 3e + . . .) (9) 

The expression (9) ia similar in form to that for the 
kinetic energy of the piston. The coefficients Do, Di, . . . 
can be quickly calculated from the coepHcients Co, Ci, Ca. 
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Taking a = ^, i = i,, Table VIII. gives the values of 
Do, D,, D,, ... 

TABLE VIII. 

COEFFICniNTS FOR LiNEAK EffBRGY OF CONNECTING-ROD. 



'r^q 


Si 


i 


ii 


5 


6 


7 


D, 


06817 


0-6812 


0-G810 


0-6808 


0-6806 


04801 


D. 


o-osat 


00508 


0-0150 


O-OUM 


0-0336 


O-0287 


D, 


-0-3200 


-0-3200 


-0-32OO 


-0-3200 


-0-3200 


-0-3200 


D, 


-00591 


-00S12 


-0-0453 


-oaioe 


-00337 


-0-0283 


D. 


-0-0017 


-00013 


-0-0010 


-o-oooa 


-00006 


-0-OOOt 


D. 


00006 


0-0004 


0-OOO3 


0-0002 


00001 


o-oooi 


D. 


o-oooo 


00000 


0-0000 


0-0000 


0-0000 


O'DOOO 



In tho case of the single-cylinder engine with the con- 
necting-rod balanced (Fig, 1, Chap. V.), taking y = ', a = g, 
b = - J, the e 



Do 


fi 


D, 


Dj 


D. 


1-2203 


- 0-0254 


0-2200 


0-0256 


- 0-0003 



(5) Angular Enei^;y of Connecting-rod. Analytical 
Method, — ^Lct a he the angular velocity of the connecting- 
rod wheii the crank is at the angle 9 with the dead centre. 
Then Eo, the angular energy of the rod in gravitation units 

(foot-lbs.), is -=-. 

a = ^ = w(Ai cos 6 + 3A3 cos 30 + SAs cos 50 -|- . . .) 
See Chap. VII., sect. 2. 

f Ai^ cos'^fl -f OAa*" cos^ae -f- 25As'' cos^Stf + . . 

2_ a +6AiABCO39cos30-l-lOAiABCO8(»cos5fl-f- ,.., 
■'■" " "^ M- SOAsAti cos 3fl cos 50 + , . , ) ^ •' 



^B KINETIC ENERGY OF PISTONS 131 

^H By means of the formula 

^H 2 cos A COS B = cos (A + E) + cos (A - B) 

^^B (1) may be written 

^H u.^/+3AiA9(eoa 2e4-eos4e)+5AiA5(oo84fl + co3 6fl)+ ... J 
^H +15A3A6(co3 29 + cos Sfl) + . . . 

■ u... 

^F That is 

a' = .o^Eo + E2 cos 29 4- El cos 4« + Eg cos 69 + . . .) (2) 

and 

E„ = -^-(F^ + Ea cos 2d + Ej COB 49 + Es cos 69 + . . .) (3) 

where the coefficients have the following values ; — 

A> = s + Ss" + As" + . . . 
A. = - As' - r fes* + ■ ■ ■ 
As = Jills' + • 

H, = iAi- + I V + - . . 

E, = JAi' + 3A,As + . . . 
E4 = 3A1A3 + 5AiAi + . . 
E. = jA," + 5A,A, + . . . 

«. E. = Is" + is' + As" + ■ 
E. = J«' -As'+- 

E. = - Is' - I'sS* - . ■ . 
E« = As* + . ■ ■ 

When 9 = 0, a the angular velocity of the rod ia 
■j = J- = luq, and n^ = J'5' ; cos 26, cos 49, . . . are then each 

equal to unity. A check on the accuracy of the expressions 
for Eo, Ea . . . is thus obtained. Again, when 9 = 90°, 
cos 29 = -1, cos 49 = 1, cos 69 = —1. The angular 
velocity of the rod ia then zero, therefore E^ — Ea + Ej 
0, and another check ia obtained. 



I 
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Table IX. gives values for Eo, Ea, . . . for various values 



of q. 
Coefficients i 



TABLE IX. 

: ASGULAK EnbegY OP CONNECTIKG-ROD. 



i_i 


81 


1 


4J 


5 


6 


7 


B. 


O'MIT 


00317 


OIHM 


0-0202 


O-OIM 


00102 


B, 


0M08 


0-0312 


00247 


0-0200 


0-0188 


0-0102 


E. 


-0-0OO9 


-00009 


-0-0003 


-0-0002 


-0-0001 


00000 


B. 


0-0000 


0-0000 


0-0000 


O-OOOO 


00000 


0-0000 



(6) Average Energy, — The sum of the first terms 
taken from each of the three expressions for the kinetic 
energy of the piston, linear and angular energies of the 
connecting-rod (these terms being independent of the angle 
6, that is, independent of the crank-position) is 



-{(mfi, + mrT>oy + lE.^ 



(1) 



THp and }», being the masses of the piston and connecting- 
rod respectively, I the moment of inertia of the connecting- 
rod. If to this ia added the kinetic energy of the crank- 
shaft, with flywheel and all masses rotating with it, which is 



'^3 



, I, being the moment of inertia of the crank -shaft and 



masses rotating with it, the average kinetic of the engine is 



(2) 



E = J- {(WpC„ + mrD^y + IE„ + I,} 



The quantities inside the brackets are all constant, therefore 
(2) may be written 

E = Kb." foot-lba (3) 

that is, the average enei^ of the engine is proportional to 
the square of the speed, 

(7) Excess of Energy, First, Second, Third . . . 
Orders. — The other terms involving cos (/, cos 29, cos 30, etc.. 
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evidently show the fluctuation of energy of the mechanism 
as the cranb-shaft revolves. They may bo referred to a3 the 
excess energy, of the first, second, third . . . orders respec- 
tively, analogous to the expressions used for imhalanced 
forces. The value of a term, say C3 cos 36 in the expression 
(6), sect. 3, for the kioetic enei'gy of the piston for any value 
of 6, can evidently be regarded as the projection on the line 
of stroke of a vector of constant length, Cgi rotating at three 
times the speed of the crank, the rotating vector coinciding 
with the crank on its inner dead centre. 

(8) Multiple-cylinder Eng:ines. — When the engine has 
several cranks, the average kinetic energy of the mechanism 
is obtained by adding the values for the separate cranks 
and connecting-rods. The excess energy of orders 1, 2, 
3 . . . are obtained by drawing vector-polygons, as discussed 
in Chaps. IV. and VI. If the cranks are at equal angles, 
and the pistons and connecting-rods are all equal, many 
of the terms will cancel out. 

I'ig. 8 represents a two-cylinder engine, cranks at 180", 



/^f.3r^,s^^.'a 



2 Cylinders 



aud the various vector-polygons. Those of orders 1, 3, 5, 
7 . . . have zero resultant, those of orders 2, 4, 6, have 
resultant 2m, wi being the mass of one piston. Therefore, in 
this ease 

Ep = ?^^\Co + d, COS 2fl -f C* cos 4fl -f- . . .) (1) 
Similar expressions hold for E{, and Eq, the linear and 
angular enei^es of the connecting-rod. 

The four-cylinder motor-car engine, with cranks all in 
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one plane, is also included in this case, the resultant vector 
being 4wi. Hence Ep is twice that stated above. 

Fig. 9 is a similar diagram for a three-cylinder engine, 
cranks at 120°. The vector-polygons of orders 1, 2, 4, 



J Cyl/ivders 




5 . , . have each resultant zero, Those of orders 3, 6 . 
have resultant 3m, Heuee, in this case 



■ ■) (2) 



Ea 



3U 



(Eo + Ee cos 60 + . . .) . 



For the six-cylinder motor-car engine with cranks at 120°, 
the values are twice those just written. 

Fig. 10 is for a four-cylinder engine, cranks at 90°. The 
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orders have re- 



veetor-polygorra of the fourth, eighth 
sultant 4m, the others zero. 



-(En + Er 



(i) 
(5) 



Fig. 11 is for a five-cylinder engine, cranks at equal 
,0gles. Here 



-(Co + Cs cos 56+ ...) 



s lOfl + . . .) 



(6) 
(7) 




S'P./O'-O 



In Fig. 12, the curves 1, 2, 3, 4, show the fluctuation of 
kinetic enei^ of the piston or pistons in one-, two-, three-, 
and four-crank engines, cranks at equal angles, and piston 
masses equal, and connecting-rod equal to five cranks' length. 
The scale at the left liand corresponds to the factors outside 
the hrackets in equatioos (6), sect. 3, and (1), (2), (4) above 
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(multiples of nir^iJi2,fj) being in each case equal to unity. 
The ordinates calculated from these equations are set down- 
wards from the line AA. The ordinate to the straight lino 




00 tlierefore measures the average kinetic energy of the 
pistons. From 00 mark off downwards an ordinate equal 
to the average energy of the shaft, and draw the base line. 
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In general this will be much greater than the average energy 
of the pistons ; the diagram is therefore broken off near 
the base. If at any point in the revolution the energy of 
the pistons is less than the average, that of the shaft is 
greater than the average. But the total kinetic energy is 
constant during the revolution. Therefore the ordinatea 
measured upwards from the base line show the varying 
energy of the shaft. 

The scale at the right-hand side for energy of shaft is 
drawn on the supposition that the I, for the crank -shaft masses 
M ten times the sum mr' for the piston masses ; and at the 
average speed of the shaft, wa, the energy of the shaft is 
marked unity. 

Similar curves can he drawn taking account of the 
energy of the connecting-rods. Since in the single-cylinder 
engine the linear enei-gy of the connecting-rod never has 
zero value (Fig. 5), in this ease the line AA of total energy 
(Fig. 12) will lie above the curve 1. 

(9) Fluctuation of Speed, — Let E he the energy of the 
crank-shaft with flywheel and other parts rotating with it, 
when the shaft is rotating at the average speed wg.. Then 
E = K,^a» ft.-lbs. .... (1) 

Presuming we are dealing only with the inertia of the 
parts, that is, that the work done in the cylinders during any 
time interval is exactly equal to that required to overcome 
the resistance of the shaft, the total energy remains con- 
stant during the revolution, even although the speed of the 
shaft varies cyclically above and below the average. Let rfE be 
the excess energy of the pistons aud connecting-rods at any 
instant, above their average energy. This is obtained from 
the energy of the shaft, and the speed of the shaft falls to w, 
below the average. Tlien if (wo - la) is suutU, neglecting 
differences of the second order 

dE = K(w.« - w«) = K(^, + «,) (m„ - u>) . (2) 
Approximately, (wo -k- m) = 2(»o. and (2) may be written 
dE = 2K^„(wa - <.-) . - . . (3) 
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Dividing (3) by (1), we get 



2E 



W 



I 



that is, the fluctuation of speed is numerically half the 
fluctuation of energy. The scale for the speed of shaft in 
Fig. 12, in the vicinity of wo, ia therefore twice that of the 
enei^y, and the same curves show the fluctuation of speed. 

(10) Examples. — Taking j = ^, the values of dE from 
sect. 8, and the values of the series of coefficients C, D, E, 
from Tables VII., VIII., and IX., we have from (4), for a 
two-cylinder engine, cranks at 180° 

""" '^° = ^{(0-500mj + 0-320«v)j^ - 0-0201}cos 20 (0) 

for a three-crank engine, cranks at 120°, 

"' ~ *"' = ~i0-152m.„ + O-OeimAr' cos 30 , . (10) 

for a four-crank engine, cranks at 90° 

«,-&>. O'OIO „ .„ ,„, 

^^ = -2K^ '^'•^ COB 4tf (11) 

for a five-crank engine, cranks at 72° 

w - wa 0'0012 „ „„ .-„, 

= TTir '"'P^ COS Off (IJ) 

with a degree of accuracy of one part in 100 for the two- 
crank engine, and greater as the number of cranks ia in- 
creased. 

The fluctuation of speed due to inertia of the mechanism 
alone does not vary with the average speed of the shaft. By 
putting cos 0, COS 28, . . . equal to unity in the above 
expressions, their greatest values are obtained. 

For the four-, six-, and eight-cylinder motor-car engines 
respectively, the cocfficienta in the expressions for (lu — iuo)/wa 
are twice those given in (9), (10) and (11) ; in^, m,, and I in 
each case referring to one piston or connecting-rod. For a 
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four-cylinder engine, taking mj, = 4 lbs., vir = 4 lbs., r = 2" 
= i ft., I = 4 lb.-ft.a, then 
2 {(0-50mp + 0-32mr)7^ - 0-021} 
has the value 0202 Ib.-ft.^. If the total avert^e energy is 
equivalent to a mass of 64 Iba, rotating with the crank-shaft 
at a radius of 6 inches, E = -^ ^6f^ = 8o>''foot-poundals, 

and 2K(7 = 16, The fluctuation of speed due to the inertia 
of the parts ia then 0*012. 

For a six-cylinder engine of the same power, and crank- 
shaft masses, taking m,p = vir = 3 lbs., and substituting in 
(10), the fluctuation of speed due to inertia of the parts is 
0-0013. 

If gas-engines are to be applied on a large scale for 
marine purposes, heavy flywheels will be undesirable. Taking 
the extreme case that the kinetic energy of the masses 
revolving with the crank-shaft is neghgibly small, the 
average kinetic energy is given by equation (1), sect. 6. The 
value of 2Kg for a single-cylinder engine is then (with 
the same assumptions as above) 



(0-5O5w!p -I- 0'681m,)r« + 0-0201 . . (13) 

From equations (10), (11), and (12) we get, 

„ „ , w^ 0-051mp + 0-020m, 
for 3 cranks, — = TTcTT^r 1 a cq ~i — 

. , , We 0-0025m„ 

tor 4 crajoks, — = ;. -„.;. — , , „ ^oi — 

, ^ , u>i -0-00025«i, 

tor 5 cranks, — = „ _„- , „ pp. — 

w„ 0-505mp -f- 0-681mr 

where lu, is the greatest variation above and below the 
average speed (!>„. 

If jKp = mr, the speed-fluctuations for the three-, four-, and 
five-crank engines are 0*060, 0*0021, and 0-00021 respectively. 
Thus, if the average speed is 100 revolutions per minute, the 
three-crank engine speed would vary from 94 to 106, the 
four-crank from 99'8 to 100*2, the five-crank from 99-98 to 
100-02. 
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EXEBCISES. 

1. In a locomotive with two cranka at 90°, the stroke ia 26 inchea, 
connecting-rod length 91 inches centre to centre, reciprocating massee 
400 Iha. for each cylinder, mass of each connecting-rod 450 lbs., masH- 
centre of connecting-rod 3 feet frorn hig end, moment of inertia of con- 
nectir^-rod 6000 Ib.-ft.' Calculate, with an accuracy of one part in 1000, 
the relative volnes of the average, least, and greatest kinetic enei^ies of 
the mechanism relative to the engine frame. If the driving-wheels are 
S feet 6 inches diameter, and the speed of the locomotive 70 miles per 
hour, determine the abaolnte values of the average, least, and greatest 
kinetic energies. 

^na.— Relative, 1310-4, 1447-3, 1174'2 lb.-ft.= Absolute, 40,610, 
44,850, 36,390 ft.-lbs. 

2. In examples 1, 2, and 3, Ohap. VIIL, each piston and gudgeon- 
pin weighs 14 ounces, each connecting-rod 18 onnces, mass-centre of rod 
at gth length from hig end, moment of inertia -f^ Ib.-ft,' Determine the 
average, least, and greatest kinetic energies at a speed of 2500 revolutions 
per minute. 

3. If in example 2 above, the moment of inertia of the flywheel in 
each case is 1^ Ib.-ft.^, calculate the cyclical fluctuation of speed, when 
the spark is switched oS', and the engine is running free. 



CHAPTER X 



TORQUE ON CRANK-SHAFT 

(1) Uniform Speed of Crank-shaft.— In most engines, 
for whatever purpose used, a uniform angular speed of the 
crank -shaft is desired. The cyclic fluctuation of speed of the 
shaft depends on the nature of the resistance to be overcome, 
the cyclic fluctuation of the driving torque from the various 
cylinders, and the inertia of the parts, including the flywheel 
and aE parts rigidly connected to the shaft, connecting-rods, 
pistons, valve gear. The resistance, or load, does not usually 
vary from instant to instant during a single revolution of the 
crank-shaft. The load may vary from time to time, in which 
case the power developed hy the engine must also be varied, 
or excessive inci-ease and decrease of speed of the crank-shaft 
will occur. To keep the fluctuation of the speed within 
narrow limits under wide variations of load is the function 
of the "governor." The discussion of this aspect of the 
problem does not lie within the scope of the present work. 
It will be assumed that the load or torque to be overcome by 
the crank-shaft is constant. 

The torque on the shaft of a single-cylinder engine, whether 
water, steam, or gas, varies from instant to instant during one 
revolution. As far as the engine is concerned, the energy 
first esiats in the required form of " mechanical work " in the 
cylinders. Up to that point, the energy has been latent or 
potential, either in the form of fluid (water, air, or steam) 
under pressure, or in the form of a mixture of combustible 
gases. At one instant the rate of generation of energy in the 
cylinders is greater than the rate of expenditure in overcoming 
141 
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the internal frictional resistances and the external load, at 
another instant less. Applying the principle of the con- 
8ervation of energy, the excess energy during any short 
period is expended in (a) inereaaing the potential energy 
of the system by doing work in elastic deformation of the 
mechanism, (h) increasing the kinetic energy of the system, 
thereby increasing the speed of the shaft. If the trans- 
mission mechanism is practically rigid, with nothing of the 
nature of a spring, the potential energy of the system remains 
unchanged, and the excess or deficiency of energy of the 
engine is wholly expended in increasing or decreasing the 
kinetic energy of the system. 

(2) Ratio of Tangential Effort at Crank-pin to 
Pressure on Piston.— Let F be the pressure on the 
piston, / the corresponding tangential pressure on the crank- 
pin in the direction at right angles to the crank OP (Fig. 1, 
Chap. VI.). The tangential pressure /, multiplied by the 
crank-radiua r, gives the torque, or twisting moment, on the 
shaft at the instant. 

Neglecting frictional resistances, the work done on the 
piston during any small interval of time must be equal to 
the work transmitted to the crank-pin during the same 
interval. The forces at C and P at right angles to their actual 
motions at the instant, produce pressm-e on the slides and 
on the main-bearings respectively, but (neglecting friction) 
these forces do no work. Let dt be any very short interval 
of time, the diatance traversed by the cross-head C in time 
dt is Ydt, the work done by the force F is FVrf;. Similarly, 
the work done at the crank-pin in time dl iafvdt. Therefore 

FV=>. OTffF = \/v .... (1) 
Therefore, in Fig. 1, Chap. VI., 

/-OP <^> 

Thus, the same construction which served to determine 
ratio of the speeds at C and P serves to determine the ratio 
of the forces at P and C. Therefore, if the piston pressure 
E ia constant throughout the stroke, as in a water-pressure 



TORQUE ON CRANK-SHAFT 



43 



r engine, the curve showing the varying torque on the shaft is 
the same as the curve allowing the varying speed of the 
piston when the shaft rotates uniformly. 
(3) Curve of Torque, from Indicator Diagram. — The 
pressure on the piston, however, is not usually the same 
throughout the stroke. In a steam-engine, the steam is cut 
off at a certain point, and the pressure falls during the 
remainder of the stroke. Similarly, in a gas-engine, the 
pressure begins to fall soon aft«r the beginning of combustion. 
The varying pressure throughout the stroke is graphically 
recorded hy the " indicator diagram." Fig, 1 is the indicator 




diagram from both ends of the high-preegure cylinder of a 
steam-engine, the arrows indicating the direction of motion 
of the piston. Drawing any ordinate, the intercept ah, between 
the steam line at a of the diagram for one end of the cylinder 
and the back-pressure line at h of the dia^am for the other 
end, gives the effective pressure on the piston at that part 
of its stroke. These intercepts, la, should be set off from a 
straight-line base (Fig, 2), giving the curve aaa of effective 
pressure on the piston. If the scale of the indicator diagram 
is one inch = x lbs, per in.^ and the area of the piston is A in.^ 
one inch length of ordinate in Fig. 2 represents xA lbs 
B pressure on the piston. 
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Fig. 2 ia usually corrected for inertia of the reciprocating 
parts by plotting the curve of accelerating force, ccic. If the 
obliquity of the connecting-rod were neglected, this curve 
would be a straight line, shown dotted in Fig. 2, the ordinates 
at the two ends being mroflfg lbs., m being the mass of piston, 
piaton-rod, cross-head, and proportion of connecting-rod con- 
sidered to be transferred to cross-head. The obKquity of the 
rod can be taken into account by drawing the Kleiu c 
(Fig. 4, Chap. VI.), and reducing the ordinates, to correspond 
with the scale of the diagram. More conveniently, three 
points on the curve are quickly defcennined. The ordinate 
at the end furthest from the crank is mr(l + q)iu^lg, at the 
end nearest the crank mr(l — q)</i^[ff, and the point Ci, of zi 
ordinate corresponds (with practical accuracy) to the piston 
position when the crank and connecting-rod are at right 
angles. A fair curve is then drawn through these three 
points. 

At any ordinate hca, the ordinate be to the inertia curve 
shows the force required to accelerate the reciprocating parts, 
for that piston position ; the intercept ea is the force 
transmitted to the crank-pin. 

The tangential effort on the crank-pin is ca multiplied by 

the ratio ^^ (Fig. 3), and is most coni'eniently determined as 

follows : Draw the crank OP and connecting-rod PC in any 
position (Fig. 3). Set off the ordinate Ca equal to the inter- 
cept ca (Fig. 2) for the con'esponding piston position. Produce 
OP, making Pe equal to Ca. Draw ed parallel to PC, cutting 
Ca at d. Cd is the required crank-pin effort. 

For, draw OZ at right angles to CO, cutting CP, produced 
if necessary, at Z, and draw ef parallel to OZ. Then the 
triangles POZ and Fef are similar, and therefore 

CJ._ef_qZ 
Ca Fe OP 

The locus of d for different positions of the mechanism is 
the cm-vti of crank-pin effort, with base corresponding to 
piston displacement. 
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rif another curve (Fig. 4) be plotted, in which the abseiaaa 
IB the hnear distance moved by bhe crank-pin from the dead 
centre, and the ordinate ia equal to Gd, the locus of d gives 
the rectangular ciu-ve of crank-pin effort to a time base, if 
the shaft rotates with uniform speed ; and the area of the 
curve is equal to the work done in half a revolution. 

The curve ddd for the next half-revolution ia obtained by 
a similar process, taking the effective pressure durmg the 
backward strake of the piston from the indicator diagrams 
(Fig. 1). The ordiuates to the curve a'a' may be set off 
downwards, as shown by the dotted Une; the intercepts 
between this ciu-ve and the inertia curve, tranafen'ed to Fig. 3, 
being also set off downwai-ds. 



A^-^^rrrr rT^B c. 




I* -: ^a// revo/ut/on - 

Flo. 4. 



If the engine has two or more cylinders and cranks, the 
various crank-pin effort curves are drawn to the same base. 
In Fig. 4, the crank-pin effort curves for an engine with two 
cranks at right angles are shown. By suitably altering the 
scale of the ordinates, these curves may be regarded aa curves 
of torque on the shaft. The ordinates to the curve ee (Fig. 4) 
are eqiial to the sum of the ordinates of the torque curves for 
separate cranks, and therefore give the resultant torque on 
the shaft. The horizontal line represents the average torque 
of resistance, the shaded areas the excess or deficiency of 
energy, or work done by the engine above or below that 
required to overcome the resistance. At the points A and E 
the effort and resistance are equal, but from A to B the 
effort is greater than the resistance, and the work represented 
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by the shaded area ia expended in increasing the kinetic 
energy. The speed of the shaft therefore reaches a maximum 
value at B. From B to C the effort is less than the resist- 
ance.and the speed of the shaft diminishes, reaching a minimum 
value at C. 

In any given engine, the excess enei^y, AE, the largest 
of the shaded areas (Fig. 4), can usually be expressed with 
suflicient practical accuracy as a fraction of the indicated work, 
E, done per revolution of the engine. In Fig. 4, this fraction 
is about 0015. 

Table X. gives a rough estimate of the values of t 
ratio for different types of engine, presuming that the 
indicator diagrams of aU the cylinders are approximately 
similar, and that the impulses take place at ei^ual angular 
intervals. This condition does not always hold with compound 
ateam-enginea, and therefore the values in the table must bo 
used with caution. 

TABLE X. 

Eatios op E.'iCESs Energy -f- Average Energy of One 
Revolution is Various Typeb of Engine. 
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f(4) Fluctuation of Speed of Crank-shaft.— Let K be 
the kiuetic energy of the crank-shaft, flywheel, and any 
other pai'ta keyed to it, when running at the aver^'e speed 
(K„ AE the excess energy from the torque diagram, Aoj the 
difference between the maximum and minimum speeds of 
the crank-shaft. Then, as in sect. 9, Chap. IX., hut remem- 
bering that here AE is the difference between greatest and 
least energies 
A^^IA^ 



Ea 13 equal to -~, that is, E^ ia proportional to the square 
of the speed of rotation. If the indicator diagrams are the 
same at different engine speeds, AE varies with the speed 
only in so far as the shape of the torque curve may be in- 
fluenced by the difi'erent heights of the inertia curve (Fig. 2). 
Tlius, we may say, with sufficient practical accuracy, that 
the fluctuation of speed, Aw/ioa, vaides inversely aa the square 
of the average speed of the engine. 

(5) Cyclic Variation of Speed of an Engine which has 
to run at Different Average Speeds. — H the engine has 
to run at different specils, and especially if it has two or 
more cylinders and cranks, the above method is tedious. 
This is the case for marine, locomotive, and motor-car 
engines. For different engine speeds the whole of the work 
must be repeated. Again, if the indicator diagrams are 
altered by throttling, varying the expansion, or otherwise, 
the work has to be repeated. In fact, to show the curve 
of torque for all conditions, two variables must be given 
independently a series of values. If, for example, curves 
of torque are required for four different speeds and for four 
different values of the average load, or torque (four different 
indicator diagrams), the drawings in Figs. 1-4 would have 
to be repeated sixteen times. 

The following method is more expeditious. From the 
indicator diagrams, draw the curve of torque by the methods 
shown in Figs. 1-4, but without correction for the inertia of 
the reciprocating parts. Fig, 2 may therefore be omitted, 
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and the ordinates Ca (Fig. 3) set off equal to the intercept 
ba (Fig, 1). Tlio resultant torque curve is therefore in- 
dependent of the speed of the engine, if the indicator dia- 
grams do not alter with the speed. For different loads on 
the engine, if it he assumed that the indicator diagrams are 
similar, the curve of resultant torque will he the same for 
all loads, provided that the appropriate scale be used to read 
off the ordinates. 

Fig. 5 shows an ideal indicator diagram from a gas-engine 
cylinder working on a fonr-atroke cycle, and a series of 
torque curves for engines with one, two, three, four, six, 
eight cylinders, but not corrected for inertia of recipro- 
cating parts. Ju each case the curve to which the vertical 
ordinates are drawn is the torque curve; it will he 
noticed that with one, two, three, and four cylinders the 
torque is negative at one period. The ordinate to the hori- 
zontal line measures the average torque of resistance; the 
areas with diagonal shade lines give the excess or deficiency 
of energy AE. The other curve, in each case, is the 
gi'aphic integral of the AE area ; that is, the ordinate to 
this curve is proportional to the area dE up to that ordinate, 
and is therefore proportional to (lu — u^, the excess or 
deficiency of speed above or below the average speed in„. 

It will be noticed that as the number of cylinders is 
increased, the torque curve approximates more closely to a 
curve of sines ; for eight cylinders the deviation from a sine 
curve not being very pronounced. If the torque curve for 
eight cylinders was an exact sine curve, that for sixteen 
cylinders, with impulses at regulai- intervals, would be a 
straight line, and AE would be zero. 

Next, the curve of torque for the acceleration of the 
reciprocating parts is drawn. For a single-cylinder engine, 
this is done by applying the constructions of Figs. 3 and 4 
to the inertia curve. Fig. 2. That is, by multiplying the 
ordinates of the Klein curve (Fig. 5, Chap. VI.), by the 
values of the ratio OZ/OP (Fig. 3), and choos- 
ing the scale to correspond with the mass and angular speed. 
Pig. 6 shows the Klein torque curve, as it may be called. 



Luo une luertii 
ordinates of 
corresponding 
ing the scale ■ 
Fig. 6 shows 
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for a aingle cylinder, Tigs. 7, 8, and 9, for engines with two, 
three, and four cranks respectively at equal angles and with 
equal reciprocating maases, the ordinates being drawn up- 
wards when the crank-shaft is being accelerated. 

The same method is applicable when crank angles and 

masses are unequal. The component torque eurvee are 

Fig. S. 

/ cr~ank 




Klein Torque Curves 



drawn each with its corresponding mass and proper dis- 
placement ; the ordinates of the resultant Klein torque curve, 
being got by algebraic addition. 

The scale to be used in reading off the ordinates varies, 
of course, as the square of the crank-shaft speed. Thus, read- 
ing off, to the proper scale, the ordinates from the resultant 
torque curve drawn from the indicator diagrams typical 
the engine, and from the Klein torque curve, a curve of torque 
for any load and any engine speed is quickly obtained. 

(<3) Fluctuation of Speed of Multicylinder Gas- 
engine. — 11', as in a multicylinder petrol engine, the piston 
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masses and erauk angles axe ecLual, tlie fluctuation of apeed 
can be quickly calculated, with sufficient practical accuracy 
for the comparison of different engines, without drawing 
curves of torque ; all the necessary data, of course, being 
given. 

For the four-, six-, and eight-cylinder engines, the curves 
showing dE, or (id — ui„), approximate to sine curves (Fig. 5), 
the approximation being closer as the number of cylinders is 
greater. In each case the minimum ordinate is close to the 
beginning of the stroke, corresponding to the position when 
the actual torque is equal to the average torque. It is 
slightly later as the number of eyUnders is increased. 
The maximum ordinate is evidently j^AE, AE being as 
defined in sect. 4. In one revolution of the engine the 
number of waves is 2, 3, and 4 for the four, six, and eight 
cylinders respectively. Taking the mean values of AE/R from 
Table X., the equations of these curves may be written — 



For 6 cylinder. 



«J_ O'OISB 
. " E. ' 
)-0071 
E. 



(2) 
(3) 



the angle 6, in each case, being measured from the minimum 
ordinate. 

Since Ea = Kw.^ the fluctuation of speed due to uneven 
driving torque varies inversely as the square of the crank- 
shaft speed. It is greatest in the above cases when cos 26, 
COS 3fl, cos 4fl are respectively equal to unity. 

Example. — Comparing a four- and six-cylinder engine, 
each indicating 45 H.-P. at 1500 revolutions per minute, 
full load, and assuming the average kinetic energy of the 
engine to be equivalent to a mass of 64 lbs. at a radius 
of 6 inches (J ft.), then 



E„ 



_ 64x 

" 2 X 32"x 4 



--—, = j ft.-lbs. 
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R, the energy of a revolution at full load is- 



The fluctuatious of speed due to uneven torque at different 
speeds and loads are shown, in each case, in the first line of 
Tahle XI. 



Fluctuation of Speed of Engine (45 H.-P. at 1500 
Bevolutions pek Mincte). 



Ravi. per mio. 


250 


SOO 1000 


1500 




Fgar-crllitder togbie. 


Full IcMld 


0300 
0288 


OWE 
0063 


0-019 
0-007 


0-008 
-0001 


|lond 


0-200 
0'188 


O05O 
0038 


0-013 
0001 


0-006 
-0-OOfl 


Jload 


0100 
0-D88 


0025 
0-013 


0-006 
- 0-006 


0-003 
-0009 




Sli-cyllDder engine. 


Fall load 


0-100 
0-009 


025 
0'021 


0006 
0-005 


0-003 
0-002 


jlOBd 


0-0G7 
0006 


0-017 
0016 


0-OM 
0003 


0002 
0-001 


lload 


0033 
0032 


0O08 
0007 


0002 
0001 


0-001 
O-OOO 



L 



From the figures in the first line the fluctuation of speed 
due to the inertia of the pistons and connecting-rods have to 
be subtracted. These are 0-012 and O'OOl respectively for 
the four- and six-cylinder engines, at all speeds and loads. 
See Chap. IX., sect. 10. The results are shown in the 
second line in each case. Where a negative sign is shown 
it indicates that at that speed the disturbance due to the 



TORQUE ON CRANK-SHAFT 153 

variation of kinetic energy of the pistons and connecting- 
roda is greater than that due to the nnevennesa of the 
driving torcLue. 

(7) Torque of Reaction.— Newton's third law of motion 
ia, "Action and reaction are equal and opposite." The 
pressure of the gases on the pistons produces a toi-que on 
the crank-shaft, and therefore at the same instant an equal 
opposite torque is produced on the frame of the engine. If 
the crank-shaft is fixed, as is the case with engines of the 
rotating-cylinder type, the engine frame revolves. If the 
engine frame is suspended on springs, it will, if the torque 
is uniform, be displaced from the normal position into a 
position of equilibrium. If the torque is variable, the engine 
frame will oscillate about ttie position of equilibrium. If a 
ship floats on an even keel when the engines are at rest, 
when driving full power ahead with a single propeller, the 
torque of reaction tends to capsize the ship, and the hull 
takes a list to such an angle that the righting moment is 
equal to the average torque on the crank-shaft. If the torque 
is variable, the hull oscillates slightly, the motion of oscilla- 
tion aboiit the mean position being determined by the 
equation AC = la, where AG is the excess torque above 
the average, I the moment of inertia of the ship, about an 
axis through the mass-centre parallel to the crank-shaft, and 
a the angular acceleration about this axis. 

On a motor-car, with propeller-shaft drive to a live axle, 
somewhat similar conditions hold, the chassis heeling side- 
ways until the righting moment from the springs is equal to 
the torque on the shaft. But when the transmission is by 
side chains, the differential shaft and engine frame are fixed 
to the same rigid chassis; and the transverse couple com- 
municated by the differential shaft to the chassis balances 
completely, or partially, the torque of reaction on the engine 
frame. Wlien the differential gear is on the live axle, and 
the final drive to the diffwential is by a single chain, the 
conditions are similar to those in the latter case. 

(8) Function of the Flywheel.— From the foregoing 
discussion, it is clear that the principal function of the flywheel 
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of an engine ia to keep the cyclic variation of speed of 
the crank-sliaft within prescribed limits. In conjunction 
with the governor, the flywheel also plays an important part 
in preventing great changes of the average speed when the 
load on the engine fluctuates ; but that is a subject outside 
the scope of the present volume. The flywheel, clearly, 
cannot modify the variation of the torque of reaction oh the 
engine frame. 

In a locomotive, or motor-car, in which the whole vehicle 
is moving with a linear speed directly proportional to the 
angular speed of the crank-shaft, the taasa of the whole 
vehicle acts as a flywheel, tending to keep the engine speed 
constant. No special flywheel is required on a locomotive. 
In a ship, this effect is modified by the varying " slip " of the 
propeller, the water not acting as a rigid " nut " for the 
" screw " to work in. In a motor-car, any relative slipping of 
the clutch surfaces or of the tyres on the ground, or any 
elastic yielding of the transmission gear, modifies the fly- 
wheel effect. The following short discussion is intended to 
show clearly the function of the flywheel of a motor-ear 



:, first, that the transmission system from engine 
to road surface is absolutely rigid, that there is no slipping of 
the clutch or of tyres, and no appreciable elastic yieldiug of 
shafts or of tyrea in the circumferential direction of driving. 
These conditions are analogous to those obtaining on a rack- 
railway locomotive. Let the engine have a single cylinder, 
indicating 4 H.-P. at a erauk-shaffc speed of 400 revolutions 
per minute, when the car has a speed of 15 miles an hour 
(22 ft. per sec). The average energy of the engine per 
revolution is 

4 X 33,000 „„. rf ii 

and taking the mean figure in Table VIII., 

AE = 1-7 X 330 = 561 ft.-lh8. 
Let the total mass of the car and its load be 1600 lbs., 
then, neglecting at first the angular kinetic energy of road 
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wheels and engine, relative to the car frame, the 
linear energy is 

1600 X 22' ,„,„„,, ,1 
2x32 = ^^-l"" "-''"■ 

The fluctuation of speed is 

A^ _ 1 AE _ 561 _ 
V "2 E -2x 12,100 - '"'''•^' 

i.e. about 2J per cent. At a ear speed of 7J miles an hour 
the fluctuation of speed would be about 10 per cent. 

To appreciably reduce this fluctuation of speed by means 
of a flywheel, its angular energy should be greater than the 
linear energy of the whole ear. Let the flywheel be equivalent 
to a mass of 120 lbs. at a radius of 9 inches. At the crank- 
shaft speed of 400 revolutions per minute, the linear speed 
of the flywheel rim is about 30 ft. per sec, the angular energy, 

'|Lx|^.H8Vft.-lh., 

little more than one-eighth part of the linear energy of the 
ear. Therefore, driving on the highest speed, the flyTvheel 
has little influence on the smoothness of the drive. But on 
the lowest speed, if the gear-ratio is 4 to 1, the angular 
energy of the flywheel would be sixteen times the amount 
stated above, more than twice the linear enei^y of the car. 
Thus the total kinetic energy of the system would be more 
than three times its value without the flywheel, and the 
fluctuation of speed would be reduced to one-third the former 
value. Elastic yielding and slipping of parts will modify the 
figures given above, but will not materially affect the general 
deduction. 

Uneven torque on the crank-shaft causes a variation of 
the driving effort of the tyres at the road surface. The only 
external force which can cause the fluctuation of speed of 
the car is the tangential reaction of the road surface on the 
tyres. With no elastic yielding or slipping in the transmission 
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mechanism, the variation of driviiig--wlieel effort is similar 
to that of crank-shaft torque. In the above example, on 
top gear the flywheel does not modify the driving-wheel 
effort to any great extent, hut does ao on lowest gear. 
Practically, therefore, the flywheel, however big within 
practical limits, has no great influence in eqiializing the 
driving effort at the tyre surface. Hence, comparing the 
various curves of torque (Fig. 5, Chap. X.), the maximum 
effort on the tyre, with engines of one, two, four, sii, eight 
cylinders, is respectively about 8, 4, 2, 1-4, 1'2 times the 
average. 

On the other hand, a spring drive of proper design may 
render the driving effort on the tyres fairly uniform. The 
spring must he of ample volume, sufficient to absorb the 
excess energy of the engine (sect. 3, Chap, X.). The practice 
of dispensing with rigid torque rods, and transmitting the 
driving reaction of the live axle through the road-wheel 
springs, tends to equalize the driving effort on the tyres. 

The principal function of the flywheel of a motor-car 
engine, therefore, is to give steady running of the engine 
when declutched from the transmission gear. 




EXBHCIHES. 

1. Describe the coDslruction of s. curve of velocity of the pifiton of a 
crank- nnd connecting-rod engine, and ehow that the eame curre also 
represcnta the varying crank effort of the engine, Bupposing the pressure 
oil the piston is constant. (Inst. C.B., Feh. 1905.) 

2. A gas-engine running sfeadily has its load removed and the gas-supply 
cut off at the same instant. Assuming the speed to remain constant for a 
few eeoonds, wliat will he the etreeses acting in that part of the crank- 
shaft between the flywheel andjthe crank dae to the inertia of the piston? 
Sketch a curve of atrese variation with crank-shaft angle, (Inst, C.E., 
Feb. 1906.) 

3. The flywheel of an engine oi 4 H.-P. running at 75 levolutiona per 
niinnte is equivalent to a heavy lira 2 feet 9 inches mean diameter nnd 
■weighing 500 Iha. Determine the maximum and minimum speeds of 
rotation when the fluctuation of energy ia onc-fouilh the energy of a 
revolution. (InstCE., Oct. 1900.) Ans. 84, 06 revs, per niin. 
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4. In a gas-engine using the Otto cycle, the I.H.-P. is 8, and the speed 
is 264 revolutions per minute. Treating each fourth single stroke as 
effective and the resistance as uniform, find how many foot-pounds of 
energy must be stored in the flywheel in order that the speed shall not 
vary by more than one-fortieth of its mean value. (Inst. C.E., Oct. 1897.) 

Am. 30,000 ft-lbs. 



CHAPTER XI 



PRIMARY AND SECONDARY BALANCE 



(1) Forces and Couples of Fourth Order small— In 
Chap. VI. it has been shown that in the single -cylinder 
engine the nnhalaneed forces of the first, second, fourth . . . 
ordera rapidly decrease in magnitude as the order increases. 
Thns, if the connecting-rod length is five times that of the 
crank (2 = I), the secondary unbalanceJ force is one-fifth 
part of the primary, the unbalanced force of the fourth order 
one-hundredth part of the primary. Therefore, if in a 
multiple -crank engine the primary and secondary forces 
and couples can be eliminated, the balance of the engine 
may be expected to be quite satisfactory. 

It has been already shown (Chap. VI.) that a four-crank 
engine, with perfect primary and secondary balance, is theoreti- 
cally possible, but the theoretical solution is impracticable, 
since two of the cranks are in the same plane. We proceed 
to consider the best possible balance with a practicable four- 
crank engine. 

(2) Four-crank Engine with Best Possible Balance. 
— In the four-crank engine there are (3k — 4) = 8 inde- 
pendent variables. We have already seen (Chap. VI.) that 
for the primary and secondary forces and couples each to be 
zero, leads to an engine impracticable to realize. Let us 
impose the condition that the primary and secondary forces 
shall be balanced, likewise the primary longitudinal couple. 
That is, three vector-polygons shall he closed, which is efLuiva- 
lent to six equations of relation between the variables (f 
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Chap. VI.), leaving two relations that may be apecified at 
pleasure. 

The balancing of the four-crank engine is discussed at 
length in " The Balancing of Engines," by Professor W. E. 
Dalby; here we ■will discuss that type in which the crank 
angles are synimetrieal. 

(3) Symmetrical Cranks. — Let as assume that (1) the 
angle between cranks 1 and 3 is eq^ual to that between 
cranka 2 and 4. This condition ia equivalent to saying that 
the crank-angle diagram (Fig, 1) is symmetrical ; let VOVi be 
the trace of the plane of symmetry, OV being drawn coin- 
cident with the central plane of the cylinders, XOXi a line 
at right angles. Thus, with a four-crank symmetrical engine, 
one other condition may be assumed. It may he (2) either 

(a) one angle 61, from the line OV is given, 

(b) the ratio M3/M1 is given, 

(c) the ratio Imllm of two diatances between two pairs of 

cranks is given. 
Suppose the primary and secondary crank-angle diagi^ams 
to he drawn (Figs. 1 and 3), also the corresponding mr vector- 
polygons (Figs. 2 and 4), Then, from an inspection of these 
four figm-es, and a consideration of the relationship between 
tliem, it ia evident that in order that the two mr vector- 
polygons be closed, n crank must lie in eacli of the four right 
angles at 0. Therefore, if the angle VOl (Fig. 1) is less 
-OJian 45°, VOl (Fig. 3) is less than 90°; thus, in Figs. 1 
3, the cranks 1 and 4 lie above the line XiOX ; and, 
efore, cranka 2 and 3 lie below. In Fig. 3, the angle 
>3 measured counter-clockwise from OV is > 180°, and 
270° ; therefore the angle V03 (Fig. 1) is > 90° and < 135°. 
urther, the condition that the cranks must be symmetrical 
iecessitatea that rriiri = wiiri, and jftara =mars. For if not, 
the primary tnr vector-polygon, if closed, must be unsym- 
metrical, as 1, 2', 3', 4' (Fig. 2), with two sides, 3' and 4', 
longer than quasi-symmetrical sides 2' and 1 respectively. 
If the aides are drawn in the same order for the primary 
and secondary mr vector-polygons, one of them must have 
a re-entrant angle. In Fig. i, the sides 3' and 4' being longer 
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than 1 and 2, the vector-polygon would be unclosed. There- 
fore the sides 1 and 2 must be equal to the aides 4 and 3 
respectively, in each mr vectot-polygou, which are therefore 
symmetrica!, as sho^vn, al>out a line parallel to XOXi. 

(a) Assuming tliat the angle 6t is given, the solution may 
be completed by a trial-and-error method as follows : — 

Draw a circle of radius miri (Fig. 5), and draw diameters 
VVi and XXi at right angles. Draw OA, tlie mr vector for 
the crank 1, at the given angle 9i with OV. With centre A 
and any radius draw an arc cutting OX at C. 

Draw the angle VOAj = twice tlio angle VOA, From Ag 
draw AaCa = AG, and making with OV twice the angle that 
AC makes. This is done most quickly by drawing ViD 
parallel to CA, cutting the cii'clo at D, and drawing AaCa 
parallel to OD. If Cj lies on XiOX, AC is the correct value 
for the vector »»a»"a, if Ag and Ca lie on the same side of XiOX, 
the assumed radius AC is too small, if on the opposite sides 
the assumed radius AC is too great. In the first event, OAC 
and OAaCa are respectively halves of the two mr vector- 
polygons. If tiie angle 61 is less than 45°, AC is greater 
than OA ; if 9i is greater than 45°, AC is less than OA. 

The above construction is easily understood by the 
draughtsman who has no knowledge of trigonometry. 

Draw now the primary mrl vector-polygon (Fig. 6) with 
respect to the transverse plane of the crank No. 1 (Fig. 7). 
The sides 2, 3, 4 are parallel to the corresponding sides of 
Fig. 2, the side 1 is zero. Since wiaJ'a = wiai'a, the distances 
ii^and ^13 of the planes of cranks Nos. 2 and 3 from the plane 
of crank 1, are proportional to the sides 2 and 3 of Fig, 6, 
The dotted triangle (Fig. 6) shows the mrl vector-polygon 
with respect to plane of crank 4, the side 4 being zero. 
Since miJ-j = mtri, the side 1 of the dotted triangle is equal 
to the aide 4 of the full-line triangle (Fig. 6) ; and from the 
symmetry of the mr polygon, it is evident that the side 2 of 
one triangle is equal to the side 3 of Ihe other. Therefore 
the distance between cranks 1 and 2 is equal to that between 
3 and 4, Thus, the symmetrical crank-angle diagram (Fig. 1) 
necessitates a symmetrical longitudinal diagram (Fig. 7) ; and 
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if /la be given equal to Igt, this ia not an independent 
relation between the variables. The converse, however, i 
not necessarily true. 

(b) AsBuming now that the ratio Ma/Mi ia given, th 
procedure ia somewhat similar. If Mi is less than Ma, draw 
the trial vector OA at an angle leas than 45° with OV (Fig. 5). 
The length of the radius AC is known, and the construction 
of Fig, 5 can be completed. 

(o) Let the ratio ^a/Zi of the distances of cranks 2 and 1 
from the plane of symmetry (Fig. 7) be given. Suppose the 
mrl vector-polygon dratra (Fig, 8) with respect to this plane 
of symmetry, Since t^ = — U, and 1^= ~ l^, the polygon 
will be symmetrical about OV. Combining the mr and n 
vectors for cranks 1 and 2 in one diagram (Fig. 9), OX and 
OV are at right angles, as in Fig. 1, OA and ABO are parallel 
to cranks 1 and 2 respectively. B and C lie on OV and OX 
respectively. OA represents the vector wiiri, and also the 
vector mirJi, which is equivalent to asBuming ^i equal to 
unity. AC is the vector mara, AB the vector mara?a ; therefore ' 
li = AB/AC, or lalh = AB/AC. 

Taking the points A, B, and C along the straight line, 
such that AB/AC = l^jlj, on BC as diameter construct a semi- 
circle, which will be the locus of 0. Take a trial point, 0, 
and complete the construction of Fig. 5. When Ca falls on 
XOXi (Fig. 6), OA/OC (Fig. 9) is equal to m-ynj ni^fi. 

(4) Symmetrical Cranks. Analytical Method — Let 
mi, ma, mg, mj be the lengths of the sides of a closed vector- 
polygon, making angles 0i, %, 6s, 9i respectively with ajjy 
line of reference, OV. Let x = cos 6, p = sin 9, then 

^ + f=l (1) 

Also cos 26 = cos=fl - sin^tf ^ (2a^ - 1) . . (2) 

sin 20 = 2 sui e cos = 2k!/ , , . . (3) 
Since the sum of the projections on the reference line ia 

mia^i -I- m.^ + tn^ + m,pii = . . (5) 
Similarly, for the projections at right angles 

"iij/i + m-zys + vi3i/3 + w)4)/i = ..(G) 



PRIMARY AND SECONDARY BALANCE 163 

If the above ia the primary mr vector-polygon, and the 
I secondary vector-polygon 13 also closed, we have two similar 
ectuations in 26i, 26i, 2^3, 204. 



mi(2xi^ 



■1} 



1) -f- ma(2iCa^ - i) + m^li^x^ 

-f mi{2x^ - 1) = (7) 

mia;j!/i -f- WtfCai/a + wi^^g + m^iyi = . (8) 



If tlie primary mrl vector- polygon is closed, we have 
equations in the mi's similar to (5) and (6) in the in's 






- 7lliliXi = 

- mil^i = 



(9) 
(10) 



Similarly, if the secondary mrl vector-polygon is closed 
h r>i3l^2xi^ - 1) 



mili{2xi^ - 1) + 'm4^2xi^ - 1) H 

-1- mili{2x^ - 1) = . . 
mj,ixiyi -\- msli^e^i + ingl^^yi -f mil^0i ■ 



(11) 
(12) 

For a four-crank symmetrical engine we have seen that 



mi = mi, ma = mg 
04, therefore xi = Xi, 7/1 
6s, therefore x^ = Xg, 1/2 



-2/3 



Also, if the ^'a are measiiied from the transverse plane of 
symmetry of the crank distances ■ 

/, = -l^, l^= -Is 
Substituting these values in (5), (7), (10), they hecome 

■1)- 



h' - 1) + 5«a(2a^^ 







(13) 
(14) 
(16) 



whUe the terms on the left-hand sides of the equations (6), 
(8), (9) cancel each other. 

Equations (13), (14) and (15) are homogeneous in j«i and 
ma, they therefore involve the ratio ma//»i. Equation (15) 
ia homogeneous in li and k, and therefore involves the ratio 
Igjli. These three equations therefore involve fonr quantities. 
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>'h!>'H, hjh, x\, and x^ If any one of these four quantities 
be given, the other tliree can be determined. 



From (13) ? = "^ 


(16) 


Substitute in (14) 3^(ac,a - 1) - Xi{2x^^ - 1) = 




or (^1 - 3^) + 'huxiixy ~ i»a) = 




From which, since (aii - asa) is not neceasarily zero 




j-i3^ = -^, or, X2 = -l/2a:i , . . 


(17) 


That is COB Oi cos fla = - J 




Combining (16) and (17) «ta/mi = ^-? . . . . 


(18) 


From (15) Ij - -?J 




. fltY (1 - a;,") (1 - Xi') 
■■\l,) <teAl-"4') «i'(W-l) ■ 


(19) 



Write L for I2JI1, then (19) may he written 

4LV - xi\l^^ - 1) - 1 = I) 



Therefoni 



(U - 1) ± V(i;' - !)■ + 16L' 

8L" 
L' - 1 t ^'L' + 14L' +1 
8L' 



(20) 



I 

^^■^ (a) If 61 is given, x-i can be calculated from (17), and 62 

^^1 is known. ??ta/M| can be calculated from (18), I3/I1 from (19). 
^^H (6) If jfia/mi is given, a;i ia calculated from (18), then a^ 

^H from (17), and klh fi'om (19). 

^^H (fi) If the ratio /12//13 is given, L is known, and xi can be 

^H calculated from (20) ; then x^ from (17), and sna/jfti from (18). 
^^1 (5) Magnitude of Secondary Couple.— Fig, 10 shows 

^^H the second mrl vector-polygon, OQo being the maximum 

^^1 value of the resultant mrl. The components of OQo parallel 

^^B to OV and OX respectively, are given by the items on the 

^^M left-hand sides of equations (11) and (12). Substituting the 
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equalities defining tlie symmetrical four-crank engine, the 
loft-hand side of (11) becomes zero, that of (12) becomes 
OQo = 2(miliXiyi + m^^i'^i) 
= miliyi(2xi + -J 
— mi^i(Bin 29i + tan Oi) 
Taking = :50', OQo = l'443mi^i, and the maximum 
value of the couple ie 

l'443mi7';iBa<u' 




F16.IO 



(6) Unbalanced Force of Fourth Order.— Figs. 11 

and 12 are the crank-angle diagram, and rar vector-polygon 
respectively of the fourth order. Evidently 
OQo = 2(mi cos i9i + m cos 40a) 

= 2wi(coR 4fli -1- 2 eos^Oi cos 463) 
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Taking 9i = 30", fla = 125° 16', ma = I'SOrai, and OQo is 
2mi(- 0-500 - 0-777 X 1-50) = -3-33™,, the maximum 
value of the unbalanced force of the fourth order is thus 
3-33mirBiw7y 

(7) Transverse Couples. — The resultant transverse 
couples of the orders 1, 3, 5, . , . due to the swing of the 
connecting-rods, are obtained by drawing I vector-polygons 
as explained in Chap. VII, If the I's of the rods are pro- 
portional to the corresponding m/s, the primary I vector- 
polygon wUl be closed, and the primary transverse couple is 
zero. Eigs. 13 and 14 are the crank-angle diagram, and I 
vector-polygon respectively of the third order. Evidently 

OQo = 2(Ii cos 301 + la cos Sfla) 

Taking ft = 30°, ft, = 126° 16', la = I'SOIi, and OQo is 
2Ii(0 -I- 1-50 X 0-962) = 2-8SIi, the maximum value of the 
couple of the third order is thus — 

2-89IiC3(o7f?. 



(8) Kinetic Energy of 

kinetic eneigy of the pistons is 



Mechanism.— The average 
{see Chap. IX.) 



2(vH + m^yGQ<.^j2g 
the average linear energy of the connecting-rods is 

2(mti -|- mr2)i^I>aiii^l2g. 
Taking fli = 30°, these become respectively 
4-98mir^Cor>,«/2s^ = 2-515Pi 
and i-93mriT^Dob,^l2ij = 3-391Li 

■where Pi = mir^ui^j2g and Li is the similar expression for the 
connecting-rod mass. 

The variations of the first and second orders vanish, since 
the m vector-polygons are closed if the ratio mzjini for both 
piston and connecting-rod masses satisfy equation (18). 
Since the resultant vector of the third order (Eig. 14) is 
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^H 2-89 mi, the variations of enei^y of the third order are for 

^B the pistons 

^1 2-8'3Mir'Ca<o^l2g = -0-203Pi 

^H for the conDecting-rods 

H 2-89m.j'-'It8<^V2i, - -OII6L1 

^H (9) Uniformity of Torque.— For a motor-car engine 

^H working on the four-stroke cycle, the uneven impulse intervals 

^^B and irregular torque would more tlian counterhalance any 
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starting, and may give a very equable torque. Tliua, with 
61 = 20°, fla = 122^-°, the cranks pass the dead centres at 
angular intervals of 40°, 37-3°. ^W, 37|°. If 6, is less than 
20°, the angular intervals are still more regular, but the 
ratio of the outside distance l^ to the middle distance l^, 
between the cylinders becomes excessive; the ratio of the 
masses m^lmi also becomes greater. For equal distances 
between the cylinders, hjh = 1/3, and from equation (20), 
cos^ (»i = 0-800, Ot = 26^°, ^2 = 124°, m^ = 1'6 mi, and the 
cranks pass the dead centres at angular intervals of 53°, 
29^°, 68°, 29i°. 

The results of the foregoing investigations are given in 
Table XII,, for values of 0i covering the useful practical range. 
They are also exhibited graphically in Fig. 15, the values of 
01 being taken as the base. The intercepts between the 
dotted lines are proportional to the angular intervals between 
tlie cranks. 

(10) Symmetrical Five-crank Engine with Perfect 
Primary and Secondary Balance.— For perfect primary 
and secondary balance, eight equations similar to (5)-(12) 
must be satisfied. In the five-crank engine there arc 3 X 5 
- 4 = 11 variables, so three relations may be assumed 
between the variables. 

Consider a symmetrical engine, which is specified by the 
six relations 

iiii = in^, OTa = WI4 
9i = — 05, 62 = — 01 
ij = — (5, 'a = — '4 

in which the middle orauk. No. 3, is taken as reference 
line for B's and Vs. Substituting, equations (6), (8), (9) and 
(11) are identically satisfied, and (5), (7), (10) and (12) 
become respectively 



^m8 + mj3!i -t- mai^ = (21) 

Jwifl + mi{2xi^ - 1) -f m^Zxi - 1) = . (22; 

"ii^iyi + wia%a = (23) 

mikxiyi + m^^ciyi = (24) 
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That is, besides the six assumed relations, the variables 
must satisfy four equations, leaving one relation to be speci- 
fied arbitrarily. 

From (23) and (24) oh = sc2 (25) 

Substituting in (21) and (22), and solving for Xi we get 

a?! = 1 or — I (26) 

That is, 01 = 0° or 120°. 

If xi = 1, then from (21), ma = - 2 (mi + mg), an im- 
practicable solution, since none of the masses can be 
negative. 

If a;i= -1 from (21) 

ma = (mi + m2) (27) 

From (25), since 0i = 120^ 02 = 120° or 240°, and 
2/1 = ± 2/2. Then from (23) 

il = ± ^ (28) 

I2 mi 

The angles being all determined, the remaining relation 
must be taken between the m's and fs ; then equations (27) 
and (28) serve to determine the remaining variables. 

The solution thus reduces to the engine with cranks at 
120°, shown in Fig. 18, Chap. VI. 
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CHAPTER XII 

DISPLACEMENT OF ENGINE FRAME DUE TO 
UNBALANCED FORCES AND COUPLES 

(1) Engine bolted down to Foundations.— The bedplate 
of an engine i8 usually bolted down to a structure as rigid 
and immovable as is cousisteuti with the conditions of the 
environment. In a stationary land engine, massive founda- 
tions of atone, brickwork, or concrete are prepared, and the 
holding-down bolts should be so arranged as to securely 
bind the whole of the foundation to the bedplate. The 
bed-plate will then not move appreciably, even if there be 
an unbalanced force or couple while the engine is running. 

(2) Rigid Engine Frame on Springs. — In some cases, 
however, the engine is bolted to a frame which is more or 
less elastic, and which may be supported on springs, which 
allow it a certain freedom of motion. Thus, in a motor-car, 
the springs and tyres permit the chassis frame to move freely 
within a limited range, under the action of unbalanced forces 
or couples of the engine. The locomotive engine also is 
under somewhat similar biit more complex conditions as to 
suspension, since the crank-shaft of the engine is the same 
as the driving-wheel axle which rests direct on the rails ; 
while the cylinder and glide-bars are spring supported. The 
vibratory motion of the engine frame under these conditions 
is not c[uite simple ; the following short discussion serves to 
show the nature of the motion. 

We will assume that the motion of the engine frame is 
80 small that the forces on the springs do not vary as they 
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h 



are extended or compressed by the action of tlie unlialanced 
force or couple. 

Firstly, let the engine have an unbalanced mass recipro- 
cating relative to the engine frame along a straight line of 
length equal to twice the 
radius of the crank-pin, and 
suppose the mass-centre G 
of the whole engine and 
frame to coiueide with the 
mean position of this un- 
balanced mass. That is, the 
centre of the shaft, and the 
centre of the mass m will 
in one position both coin- 
cide with G. Let M be the 
total mass of the engine and 
frame, including vi the un- 
balanced mass. The mass-centre G remaining fixed in apace 
under the action of the internal force, if the unbalanced 
mass m reciprocates between the extreme positions mi and 
)»2, the mass-centre F of the remaining mass (M - m) (that 
is, the centre of the crank-shaft), reciprocates from/i to/j. 

also 




I X Gmi = (M - m) X G/i 





. G/i m 




■ ■ Gmi (M - m) 


and therefore 






G/i m 
/,m, - M 


That is, since /iwi, - 


= r, 



G/j = inrjU. 

Therefore, the semi-amplitude of the vibration of the engine 
frame is wt/M times the crank radius. 

In the same way, if the imbalanced mass m rotates 
relative to the axis of the engine shaft, the latter describes a 
circle in space of radius G/i. The small circle (Fig. 1), 
shows the path of the centre of the shaft, the large circle 
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shows tlie path of the crank-pin in space, relative to the 
mass centre G of the whole engine and frame. 

Secondly, suppose, at first, that m reciprocatea in the plane 
of the paper (Fig. 2). When m lies on the axis of the crank- 

t, let the maas- 
oeutre G of the 
whole engine and 
frame lie on the 
xia of the shaft at p^^ 2 

distance I from 
the transverse plane of motion of m. The imbalanced force 
/ acts mutually between m and the remaining mass (M — mi) 
of the engine and frame. The mass-centre of the latter is 
Lt/i, and, aa before 

Ml M 

Tlie unbalanced force /on the engine and frame is equiva- 
lent to an equal force acting on the mass (M — m) at/i, and 
a couple, / X mi/i. The former causes a linear movement 
of the mass-centre /i; the latter causes an angular motion of 
the frame about an axis through the moving mass-centre /i. 
The instantaneous position of this axis of rotation depends on 
the position of the three principal axes of inertia of the eugiue 
and frame, and the full discussion of this problem is beyond 
the scope of the present work. But if the masses of the 
engine and frame are symmetrically disposed about the plane 
of the paper, one principal axis of inertia is at right angles to 
the plane of the paper, and is also the axis of rotation, with 
the conditions assumed above. Thus, the extreme positions 
of the unbalanced mass m and the axis of the crank-shaft are 
lown at H!a and/gCu. 
Draw G(/ perpendicular to /aCa; thte measures the dis- 
placement of the axis of the shaifc from the immovable mass- 
centre of the system, and, as before, is equal to m/M times the 
crank radius. Producing Ca/a and d/i to intersect at 0, we 
get a point on the axis of the crank-shaft which has no linear 
di.'f placement. On the other hand, the linear displacement 
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of tlie axis of the shaft at m and further from the maaa-centre 
is increased. The maximum angular ilisplaoement Gi of the 
axis of the shaft from its mean position depemia on the 
moment of inertia Ii, of the engine and frame about an 
axis through G perpendicular to the plane of the paper. 
Approximately 

9i = 7ftri/Ii 
If the mass m rotates, the point ff describes a circle in 
space, The uniform circular motion of m may he considered 
as the sum of two simple harmonic motions. With similar 
conditions as to the masses being symmetrically disposed 
about the plane thi-ough Ca_/a perpendicular to the plane of 
the paper, the maximum angular displacement 6a at r^ht 
angles to the plane of the paper is approximately 

la being the moment of inertia about the axis G^. The axis 
of the crank-shaft then describee, relative to /, a cone of 
elliptical section. 

Thirdly, let the mass-centre G of the whole engine and 
frame be in the transverse plane of the unbalanced mass m, 
biit at a distance I from the axis of the shaft, miG being the 
line joining G to the mean position of m. Any displacement 
of m along niiG will cause a linear displacement of the mass- 
centre of the frame, as discussed in i'ig. 1. Any displacement 
of m along a line at right angles to »»iG will cause a linear 
displacement and an angular displacement, as discussed in 
Fig. 2. If the mass m revolves, a point on the frame describes 
a circle round G as centre, of ratlins mrjM., The maximum 
angular displacement is mrljl, and takes place about an axis 
through the mass-centre of the frame parallel to the mean 
direction of the shaft, I being the moment of inertia about 
this axis. 

Lastly, whatever be the position of the mass-centre Gi 
relative to the unbalanced mass m\, the displacement of a 
point on the frame whose mean position coincides with G 
is ni/M times that of the unbalanced mass m from its mean 
position. 
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(3) Amplitude of Vibration in Different Types of 

Engine. — The unbalanced mass m considered above, may be 
a part of the actual mo\Tng masses of the engine, or it may 
be an imaginary mass revolving with, or driven by, im^inary 
cranks of the second, fourth, sixth . . . orders (sect. 4, 
Chap, VI.). In the Synopsis Chap. XV., the unbalanced 
foyeea are expressed for the various types of engine. The 
corresponding displacement of the mass-centre of the engine 
can be conveniently expressed in terms of the unbalanced 
force. 

In Chap. VI. it has been shown that the maximum values 
of the piston acceleration forces of the first, second, fourth, 
sixth . . . orders are equal to mrm^jg, multiplied by 1, Ba, 
E4, Be, . . . respectively, and that the coiTesponding masses 
driven by the imaginary cranks of I'atlius )• are respectively 
m, B5/»/4, Bjni/16, Benj/36, , . . respectively. Therefore, tor 
equal unbalanced forces of the first, second, fourth, sixth orders, 
the corresponding masses are in the ratio 1, \, -ji^, ^^^, .... 
and the displacements of the engine frame produced by these 
forces are in the same ratio. Conseq^uently, in comparing 
the amplitudes of engine vibration in different types, the 
numerical values given in columns 2 and 3, Table XIIL, 
should be divided by 1, 4, 16, 36, . , . according as the 
unbalanced foix;e or couple is of the first, second, fourth, 
sixth, . . . order. Similai'ly, the numerical values given 
in coluiim 4 should be divided by 1, 9, 25, , . . according 
as the unbalanced transverse couple is of the first, thii-d, fifth, 
, . , order. 

(4) Vibration of Elastic Frame.— IE the frame is 
elastic, as every structure is to a certain degree, it has a 
certain frequency or periodic time of natural vibration. If 
the irequency of tlie disturbances due to unbalanced forces 
in the engine is the same as the frequency of the natural 
vibration of the frame, the amplitude of the latter may 
become excessive, having no direct relation to the amplitude 
discussed above, considering the whole frame rigid. The case 
is analogous to the oscillation of a very heavy pendulum. If 
a small deviating force is applied at regular intervals of 
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time, a very great swing may be set up if the intervals are the 
same as, or exact multiples of, the periodic time of swing of 
the pendulum. For other values of the periodic time of the 
deviating force, little or no swing may be set up. Thus 
there is a critical speed of the engine at which the vibration 
of the elastic frame will be a maximum. If this speed is 
exceeded, the vibration may become less. Other critical 
speeds will be 2, 3, 4 , . . times that of the lowest critical 
speed. 

The amplitude of such natural vibrations may be kept 
low, if some " damping " device can be introduced ; that is, 
some frictional resistance to the natural oscillation. The 
laminated springs of road and railway vehicles are preferred 
to other types of springs, mainly on account of the damping 
action offered by the frictional resistance to sliding of one 
leaf on the other. 




(I) stationary Vertical Engines.— A vertical engine with- 
out balance masses lias its unbalanced forces and couples, if 
any, in a vertical plane. If the bedplate is securely bolted 
to a foundation of sufficient mass, there is not much to be 
gained by introducing balance masses. The introduction of 
balance masses in a vertical engine introduces reciprocating 
unbalanced forces or couples in the horizontal plane of the 
crank-shaft, producing horizontal shear on the foundations. 
In any case, therefore, the proportion of the reciprocating 
masses balanced by masses on the crank-shaft should be less 
than one-half. When the engine is half balanced, the ver- 
tical disturbing effect is reduced to one-half, and the hori- 
zontal and vertical disturbing forces are enj^ual. 

(2) Stationary Horizontal Gas- and Steam-engines. 
— The same considerations, applied to the horizontal engine, 
would indicate that the proportion of the reciprocating 
masses balanced by masses on the crank-shaft should be 
greater than one-half. The reciprocating masses may be 
even completely balanced, thus eliminating the primary 
horizontal forces and introducing vertical unbalanced forces. 

In a small gas-engine, in which the cylinder is horizontal 
and overhung beyond the bedplate, the foundation does not 
extend the full length of the engine. Consequently, a hori- 
zontal unbalanced force will usually have a greater disturbing 
effect than an equal vertical force. The cotmterbalance mass 
may therefore be relatively larger than ia an engine with a 
longer foundation. 
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In a tandem engine, either gas or steam, with either one 
or two cranks, the reciprocating masses may be half- 
balanced, 

(3) Locomotives, — The design of the locomotive engine 
is influenced chiefly by the position of the driving-wheels, 
whicli cannot be altered. In a two-cylinder locomotive, the 
cylinders are placed either " inside " or " outside " the frame. 
For convenience of starting and reversing, the cranks are at 
right angles, consequently there is an unbalanced force and 
couple in a horizontal plane which has a tendency to derail 
the locomotive. The magnitude of this couple is proportional 
to the distance between the centre lines of the cylinders ; it 
is therefore much greater with " outside " than with " inside " 
cylinders. To minimize this derailing couple, counter- 
balance ni asses are usually fixed on the driving-wheels, 
which have the effect of introducing a vertical unbalanced 
force and couple, producing the "hammer blow" on the 
rail, (See sect. 6, Chap. V.) 

If the vertical and horizontal forces and couples were 
ei:£ually objectionable, then probably the best result would 
be got by half -balancing. If the derailing couple is required 
to be completely eliminated, the balance masses should 
correspond to the total mass of the reciprocating parts, But 
in this matter the locomotive engineer has to be guided by 
experience. If the balance masses are too great, the 
hammer-blow at one position of the crank-shaft is exces- 
sive, and at another position the driving-wheel tends to lift 
from the rail. The better and heavier the permanent way, 
probably the greater is the proportion of the reciprocating 
parts that can be balanced with all-round advantage. 

As regards the derailing couple, this must be reduced to 
within safe limits, whatever be the vertical blows intro- 
duced, The " outside " cylinder engine should therefore have 
relatively greater balance masses than the " inside." 

The resultant unbalanced horizontal/ijrcc in a two-cylinder 
locomotive is less objectionable than the vertical force or the 
vertical and horizontal couples ; it merely produces a cyclic 
variation of the pull on the di'aw-bar. 
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With four- and six-wlieel coupled locomotives, the 
counterbalance masses can be divided between the driviug- 
wheela, thus diatributing the hammer-blow, and being less 
sevei-e on the permanent way. It thua appears that in 
coupled engines greater balance niaaaes can be used with 
all-round advantage than in an engine with only one pair of 
driving-wheels. 

Thus, the counterbalance masses should be relatively 
smallest in the single-drivers iuside-eylinders locomotive, 
relatively largest in the outside-cylinders coupled engine 
(aee Tables III. and IV., Chap. V.). In the best practice, 
from one- third to tliree-fourths of the reciprocating masses 
are balanced, the proportion depending on the forgoing 
considerations. 

It should be noted that the crank-shaft bearings of a 
locomotive are mounted on the horn-plates and supported 
by the springs from the frame. Thus the engine frame 
(including cylinders, guide-bars, and crank-shaft bearings) is 
not a rigid structure, as is the case with nearly all other 
engines, A thrust or pull along the comtecbiug-rod, whether 
due to steam pressure or inertia forces, tends to displace the 
springs, except when the crank is on the dead centre, or the 
rod horizontal. The action of the springs may therefore 
slightly modify the mutual action between raUa, wheels, and 
frame ; but the deductions above are siifSciently accurate for 
the purpose of comparing different types of locomotives. 

(4) Four-cylinder Compound LocomotiTe — A four- 
crauk locomotive engine, designed as discussed in Chap. XI., 
has its primary balance perfect. The secondary couple (see 
Synopsis No. 22) is still appreciably large, being from one- 
fourth to one-third the primary couple due to an engine with 
two cranks at 180^, and with outside cylinders. This is a 
derailing couple, alternating from side to side, but aa the 
periodic time of a complete cycle is half that of a revolution 
of the driving-wheels, its effect in producing displacement of 
the locomotive is one-fourth that of a primary couple of the 
same magnitude (see sect, 4, Chap. VI.). If the cyHndere 
are exactly horizontal, there is no hammer-blow on the rails, 



BALANCING OF ENGINES 



since the couple lies in the horizontal plane. The variation 
of pull on the draw-bar due to unbalanced forces, being of 
the fourth order, is negligibly smaU. 

(5) Marine Eng;ines — The most general type is double 
acting with vertical cylinders, tlie steam being expanded in 
two, three, or four cylinders successively. For convenience 
of easy starting and reversing, two cranks at least are 
necessary ; three cranks are still better. The compound 
engine baa usually two cranks at right angles, this giving 
the most uniform torque consistent with the number of 
cylinders. Counterbalance masses are not usually fitted. 
The unbalanced force and couples are shown in No. 5 
Synopsis at end of book, and act in the vertical plane of the 
cyUnders, The action is therefore alternately up and down 
on the floor of the ship. The unbalanced force and longi- 
tudinal couple can be reduced to half their maximum values 
by counterbalance masses (No. 6 Synopsis). They are still 
very lai^, and for comparative freedom from vibration, two 
cranks are not sufficient. The engine with three cylindt 
and three cranks at 120", gives a very uniform torc[ue, and if 
the reciprocating masses are eq^ual, there is no appreciable 
unbalanced force (Nos. 15 and 16 Synopsis), only a primary 
longitudinal couple. 

Four-crank Engine. — Preauming the eiglit tongue curves 
from each of the ends of the cylinders are identical, the moat 
uniform torque on the crank-ahaft would be got with the 
crank angles 90°, 45°, 90°, 135", The cranks would then 
pass the dead centres at equal angular intervals of 45°. The 
balance, however, with equal reciprocating masses would 
not be the best possible with four cranks (Nos, 20 and 21). 

The four-crank symmetrical engine discussed in Chap, XI, 
is specially suitable for marine engines, the balance being 
best possible, and the torque may be made fairly uniform. 

(6) Motor-car Engines. — The balance of the various 
types of engines used on motor-cars has been exhaustively 
discussed in the previous chapters, and the principal results 
are conveniently shown in the Synopsis. Here, only a few 
general remarks are required. 
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It must be kept clearly in view that the balance of an 
engine is only one factor in the general problem of its design, 
and other factors may be of greater importance. Uniformity 
of torque, to a certain degfee, is desirable, hence the general 
xise of four-cylinder engines (No. 19 Synopsis) on cars of 
moderate power. For a still greater degree of uniformity of 
torque, six cylinders (No. 31) have long been used on the 
Napier cars, and many other makers appear to be following 
this example. The torque of the eight-cylinder engine (No. 
34 Synopsia) is still more nearly uniform, but the balance is 
not so good as with the six-cylinder engine. Thia fact, 
combined with the greater multiplicity of parts, has pre- 
vented the extended use of the eight-cylinder engine, except 
on racing cars of abnormal power. 

The five-cylinder engines (No. 28 and 29) are types that 
may possibly be used, but the author is not aware that 
either has been used up to the present. In uniformity of 
torque they are intermediate between the four-cylinder and 
the six-cylinder engine. In balance they are inferior to the 
six-cylinder. No. 29 ia superior to the four-cylinder, pro- 
bably so also ia No. 28 ; in the latter the Iwrgest disturbance 
Idng a small primary couple, in tha four-eylinder a secondary 
force, In respect of the flywheel effect of the mechanism 
(uuiformity of kinetic energy of pistons and connecting- 
rods) the five-cylinder engine is immensely superior to the 
sis-cylinder, the latter superior to the four-cylinder, aa the 
figures in columns 7 and 8 of the Synopsis show. Probably 
the pistons and connecting-rods of the five-cylinder engine 
can be made with advantage more massive than those of a 
four- or six-cylinder engine, and that with no appreciable 
flywheel. 

In engines with less than four cylinders, the torque is 
less unifoi-m as the number of cylinders is less. As regards 
balance, the three-cylinder engine (No. 16) may, in some 
circumstances, be quite as satisfactory as the four-cylinder. 
When the engine is placed, in the usual position, in tha 
front of the chassis, an unbalanced force in the engine is 
equivalent to a force and a couple on the chassis (see Chap. 
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XII.). The (iisplaceiueut of c«««in (wurw of the chassis due 
U> tuitiiiiti vibmtitu) luny Uius \w gnwtur with a faur-cyliailor 
^ne than with a tlirooH^ylimlor. 

I Of thu two-oyliiulpr t\vt>-ciiink engini>s, tliose with the 
laks At 180" lire the liottcr hnlaucod. but the impulses 
oome at aui;ular iatorvHls of J oiul 1) nivolutious. The 
f^euoral praptico stx'iua to put uuifonuity of toniue as of 
greater iiuporUinoe than good biilaucQ, most of the two- 
oyliiulor angiiuw hftviug tUoir oranks in line, aud the impulses 
nl roguliir intorvaln of ono revolution ; the balance is then 
oiiuiviilont to that of n siugle-cylinder engine, 

The two-oyliiidei' V-type engine with one ci-ank, cylinders 
at 90" (No. 12), ia better balanced than the fouiMjyImder 
onginu (No. 19), and is immensely superior, in this i-espect, 
til tlie two-oniuk two-cylinder engines. The impulses are at 
intervals of 'j and 1^ revolution, the deviation from eq^uality 
of intervals not being serious, The factory coat of this engine 
should be less than that of a two-crank engine of eqnal 
power, if manufactured on a sufficient scale. 

Two-cylinder V-typo engines with cylinders at angles 
other than 90° ai'e used largely for motor-bicycles aud 
tricars, and various combinations of V-type engines with 
two or more cranks are possible. Some of these are 
shown in the Synopsis. In many of these possible com- 
binations, either the impulses are not at regular intervals 
or the balance is not very good. From this double point 
of view the eight- cylinder four-crank engines (Nos. 34 
and 35) are the most satisfactory combinations. No. 34, 
with the four crauks all in the same longitudinal plane, is the 
type usually made for high-power cars and for motor-boats ; 
but No, 35, with cranks at right angles, is much better 
balanced, the imbalanced force being one-hundredth part, 
and the displacement of the engine due to want of balance 
being one four-himdredth part of the respective amounts in 
No. 34. 

One-crank three- cylinder engines with cylinders at about 
60" (No. 18), have been used to a limited extent, but have 
jiot made much progress, The balance is not veiy good, and 
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the impulses are irregular. The tliree-cylinder one-crank 
engine, with cylinders at 120° (No. 17), has been used for 
many years as a steam-engine. Used aa a gaa or petrol 
engine, working on a four-stroke cycle, tlie impulses are 
at regular intervals of two-thirds of a revolution. The 
balance is better than that of the four-cylinder engine 
(No. 19). 

The four-cylinder one-crank engine (No. 23) is in mathe- 
matically perfect balance, but, working on a four-stroke cycle, 
the impulses would be at intervals of J, |, ^, J of a 
revolution. 

In the five-cylinder one-crank engine (No. 30) the 
impulses are at regular intervals of two-fifths of a revolution, 
and the balance is so good as to be considered practically 
perfect. The flywheel effect of the pistons and connecting- 
rods is also practically perfect. If used on a motor-car, 
the longitudinal apace occupied by the engine is small, so a 
large roomy body can be used without the necessity of a 
very long wheel-base. The diametral apace occupied (about 
seven or eight times the stroke) would probably tend to 
the use of a short stroke (as compared with diameter of 
cylinder), and the arrangement of the transmission gear might 
have to be modified somewhat. 

In the radial-cylinder engines above discussed, it may at 
first 1)6 thought that lubrication difficulties may arise from 
oil in the crank-chamber flowing only to the lower cylinders. 
But even at moderate engine speeds the piston acceleration 
is much greater than that of a body falling freely under the 
influence of gravity. In an engine of 4-inch stroke, at a 
speed of 1000 revolutions per minute, the piston acceleration 
is nearly fifty-seven times that due to gravity. The oil 
would thus be thrown violently from the insides of the 
pistons. 

The single-cylinder engine up to eight or ten H.-P., 
with a large flywheel, gives fairly satisfactory results. The 
torq^ue is uneven, and at low speeds the unevennesa of 
driving is maiked. At higher speeds the unevcnuess is not 
so noticeable. The engine should be half balanced. Tlie 



J 



i8+ 



BALANCING OF ENGINES 



effect of tho flywheel of a motor-car engine is c 

Chap. X. Some makera use single-cylinder engines on their 

ears of lowest price, and four-cyliuder engines on cars of j 

higher price ; their opinions evidently being that it is not ] 

worth while manufacturing an engine intermediate between j 

these two types ; the two- and three-cylinder 

defective either in balance or evenness of torque as compared 1 

with the four-cylinder. 

Many other types of engines have been used on motor- 
cars ; the figures as to balance of the more important types 1 
are given in the Syuopsig. 

(7) Motor-cycle Engines.— The single-cylinder and 
two-cylinder one-crank types are the most frequently t 
for motor bicycles and tricars. In the V-type engine, the < 
cylinders are often placed at an angle of from 45" to 60°, 
presumably because such an arrangement does uot demand bo | 
much space as when the cylinders are at 90°. With an | 
angle of 60° (No. 11), the balance is much worse than with 
90°; the unbalanced forces in the two cases being in the 
ratio 2-i67 : 8"14. But aa regards the vibration, or displace- 
ment, of the engine due to imperfect balance, in the 90° 
V-type engine the unbalanced force is of the second orderi 
and its relative figure must be divided by 4. That is, the 
amplitudes of the vibration in the two cases will be in the 
ratio 24'67 : 2'03, or appi-oximately 12 : 1. It seems worth 
while providing the extra space to produce this desirable 
result. 

(8) Petrol Engines for Air-ships. — If the aeroplane or 
air-shjp, depending not on buoyancy of gases but on engine I 
power for successful flight, is ever manufactured com- 
mercially (as seems quite probable, since all the elements for 
success are to hand, and only require skilful co-ordination), 
the radial-cylinder type of engine may weU become moat 
prominent. Already M, Santos Dumont has constructed J 
an aeroplane which has flown a certain distance, 
eight-cylinder four-crank engine (No. 34). The five-cylinder I 
one-crank engine (No. 30) can probablj' be made lighter for a. I 
given horse-power than any of the types hitherto used ; and j 
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its other mechanical properties are very good. For larger 
powers, a radial six-cylinder two-crank engine (N"o. 32) and 
a ten-cylinder two-crank engine (No. 37) are possible types. 
In both these engines the cranks are close together, just 
allowing sufiScient distance for the crank-cheek to join the 
two crank-pins, without an intermediate bearing. 



CHAPTER XIV 



LARGE GAS-ENGINES 



(1) Gas-engines for Marine Purposes.^Large gaa-enginefl 
ilevelopiiig 1000 H.-P. and upwaids iu one cyliiider have 
been made, principally to utilize the waste gases from the 
bla.^t furoacea of ironworks. Many of these large engines 
are double-acting, and work on a two-stroke cycle, so that 
an impulse is given iit each stroke. The description of this 
or any other typo of engine is beyond the scope of the present 
work, whicli only deals with the inertia forces. The steady 
development in suction gas-producers is beginiting to direct 
attention to the aiibjecfc of gas-engines for marine piu-poses. 
The following notes, which are purely speculative, may be of 
interest. 

The inertia forces in a large one-cylinder gas-engine are 
so great that massive foundations are necessary, On board 
ship, massive foundations are inadmissible, and the engine is 
fastened direct to the Boor beams forming an integral part of 
the hull. The hull being an elastic structure, any unbalanced 
force from the engine sets up vibration, and if the frec[uency 
of the disturbing force coincides witli tlie frequency of the 
natural vibrations of the hull, the amplitude of the latter 
may become excessive. Hence the necessity for a well- 
balanced engine. 

Leaving aside the question of the mechanism of starting, 
reversing, etc., in order to start, atop, reverse a large marine 
engine quickly, it should have no flywheel ; or, at lea,^t, the 
greater the flywheel effect the slower will be the manoBiivring, 
This condition wouhi debar the use of the four-cylinder 
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engine with cranks at 180°, since all the piston masses come 
t when the cranks are on the dead centre. A fairly- 
constant torcLue on the shaft ia also essential ; this, again, la 
against the four-cylinder engine, working on the usual four- 
atroke cycle. A four-crank engine, with cranks at 90°, and 
either double-acting cylinders, or tandem cylinders single 
acting, would be better. Aa regards uniformity of torque, there 
would he four impulses per revolution, aa in a two-cylinder 
double-acting steam-engine with cranks at 90°, The flywheel 
effect of the mechanism would be good, the cyclic variation of 
the crank-shaft speed from tliis cause (assuming no flywheel 
effect from the crank-shaft and propeller) would be about 
0'2 per cent, above and below the mean. The eight-cylindei- 
four-crank engine with cranks at 180°, and pairs of cylinders 
at 90° for each crank, is similar in its dynamical properties 
(see No, 34 Synopsis at end of the book). The similar 
engine, No. 35, but with cranks at 90', ia considerably 
better balanced, the unbalanced force being one-hundredth 
part that of No. 34. The disturbing force in No. 34 would 
be parallel to the floor of tlie ship, in which direction the 
stiffness is greater than in the vertical dii-ectiou. 

The eight-cylinder four-crank petrol engine. No. 34, has 
already been extensively used for launches. For gas-engines 
of great power, say 1000 H.-P. and upwards, to be used ou 
board ship, eight-cyhnders, if single acting, using the four- 
stroke cycle, would seem to be the smallest number consistent 
with steady torque, good balance, and steady running without 



(2) Possible New Types.— For still greater powers, 
increasing the number of cylinders, instead of increasing their 
size, merits consideration. For this reason the dynamical 
properties of various engines with from ten to twenty-four 
cylinders have been tabulated in the Synopsis, Nos. 37-43, 
The foiir-cyUnder one-crank engine, with cylinders at 90° 
(No. 23), is perfectly balanced. With the four-stroke cycle, 
impulses in this engine cannot be at equal intervals, but two 
sets together with cranks either in line, at 00" or 180° (No, 36), 
will give impulses at equal intervals. Two sets of No, 3G, 
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with cranks at 45', will give an engine with sixteen cylindera 
and four cranka (No. 42). In tho eight-cylinder engine, the 
torque on the shaft due to the pressiu'e of gases in the 
cylinders varies appreciably (Fig. 5, Chap. X.), but as 
the curve does not veiy appreciably deviate from a sine 
curve, if two be superposed, the resultant vriU not deviate 
much from a straight line parallel to the base. Presuming 
that the indicator diagrams in all the cylinders are identical, 
this engine, therefore, at all Bpee<fe and powers, should give 
practically uniform speed and torque. Three seta of No. 36 
give a twenty-four-cy Under six-crank engine (No. 43). These 
two engines, Nos. 42 and 43. being perfectly balanced, having 
practically constant torque, and their moving parts constant 
kinetic energy for uniform speed of the shaft, should compare 
with the steam-turbine in amoothness of running and absence 
of vibration. 

Particulars as to three types of engine each with twelve 
cylinders are given, Nos. 38, 39, 40. Neither of these seema 
to he 30 satisfactory as either the eight- or sixteen-cylinder 
engines, Nos. 34, 35, and 42, either a lai'go unbalanced force 
or irregularity of impulse being a drawback. No. 41, with 
twelve cylindera, six cranks, formed from six sets of No. 11, 
is quite satiafaotory. 

The cubic engine-room space occupied by the various 
multicylinder engine formed by sets of four cylinders at 90" 
with one crank, shoidd compare favourably with that for any 
other type of engine of equal power. With ratio of connecting- 
rod to crank length four or five, the extreme diameter over 
cylinder ends should not be more than seven or eight times 
the stroke. 

(3) Small Units. — Single-acting four-stroke cycle gas- 
engines giving 100-200 H.-P, per cylinder, have for years 
past been running successfully. The combination of a large 
number of these units to give an engine of great power, 
should present less difficulties than an attempt to get more 
power from each cylinder. The cost of production should be 
less, since cylinders, pistons, rods, could^be each of one or 
two standard sizes, say 100 H.-P. and 250 H,-P. With 8, 
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12, 16, and 24-cy Under engines built up from these units, 
engines of 800, 1200, 1600, 2000, 2400, 3000, 4000, and 
6000 H.-P. could quickly be turned out by the engine 
maker. 

(4) Gas-engines for Electric Power Stations.— The 
same arguments would apply to the application of large gas- 
engines for generation of electrical energy. One uniform size 
of cylinder being used in a power station, grouped in units 
of various numbers of cylinders, so as to suit the variations 
of load, the advantages in the form of low initial cost, repairs 
and renewals, facility of extending the output of the station, 
small floor space occupied, would be very great. 



CHAPTER XV 



SYNOPSIS OF RESULTS 



In the columns of Table XIII, are showu some of the 
principal results obtained in the preceding discussions. 
The first column specifies the typo of the engine. For each 
engine with two or more cylinders the piston masses are 
assumed each equal ; the connecting-rods, also, are assumed 
equal and similar as regards mass, mass-centre, and moment 
of inertia. The second column gives the largest unbalanced 
force (that is, of lowest order), its order being stated in the 
first line. In tins hne is also indicated the nature of this 
unbalanced force. If it is of constant magnitude rotating 
with, or opposite to, the crank, the words forward or reverse 
are used. If the unbalanced force is always in the same 
du'cction, like that due to a mass reciprocating along a 
straight line, the word " parallel " indicates that the direc- 
tion is parallel to the axes of the cylinders if the latter all 
lie in the same longitudinal plane, or parallel to an axis of 
symmetiy if the cylinders lie in different longitudinal planes. 
Tlie word "perpendicular" indicates that the direction is 
perpendicular to the longitudinal plane of symmetry. If 
the unbalanced foroe varies both in magnitude and direction, 
the word " elliptical " is used. The second line gives the 
general approximate expression for the lai^est unbalanced 
force, the symbol A being used for the expression mrw^jg. 
The third line gives its exact value in terms of the co- 
efficients. Table V., Chap. YI. The fourth line gives its 
exact numerical value corresponding to the data given below. 
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Colimm 3 gives the largest unbalanced couple, the 
(■four lines for each engine being as in column 2. Column 
r 4 gives the largest transverse couple due to the angular 
I swing of the connecting-rods, the symbol B being used for 
I the expression Iw^jg. The tlurd line gives its exact value in 
f terms of the coefficients. Table VI., Chap. VIL, the fourth 
i line its numerical value for the assumed data. 

Columns 5 and 6 give respectively the average kinetic 
energy of the pistons and the linear kinetic energy of con- 
necting-rods. To make the information complete, another 
column should give the average angular kinetic eneigy of the 
connecting-rods ; but as this is small compared with the items 
in columns 5 and 6, it baa been omitted. 

Columns 7 and 8 give the largest variations of kinetic 
energy. The variations of the first and third orders in any 
engine where neitlier of them cancels out, being of about equal 
magnitude (see Tables VII, andVIII.,Chap. IX.), they are both 
specified. Their algebraic sum is eq^ual to their arithmetical 
sum for one crank position, to their aritlimetical difference 
for a crank position differing by 180°. Also that of the 
second order is larger than that of the first, and is specified 
if it does not cancel out. The variations of higher order 
than the third rapidly decrease in magnitude as the order 
is higher; therefore, if a variation of either of the order's 
one, two, or three is specified, those of higher order are 
omitted. 

As the coefficienta Co, Ci, C2 involved in the energy of 
the pistons do not vary greatly for different values oi q = rjl, 
pai'ticularly those of lower orders, in columns 5-8 are 
given the values corresponding to q = 1/5. Similarly, for 
the coefficients Do, I>i, Da, . . . involved in the linear energy 
of the connecting-rods; here the mass-centre of the rod 
has been assumed at two-fifths of the length from the big 
end. 

A comparison of columns 5-8 gives a quick indication of 
the flywheel effect of the mechanism. 

In column 9 is given an approximate estimate of the 
value of the energy ratio diaeuased in Chap. X. ; that is. 
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the ratio of the excess energy developed by the engine at 
any part of the revolution, to the average energy per revolu- 
tion, on the assumption that the efforts from tlie cylinders 
are approximately equal and similar. The ratio is, of coui'se, 
different according as the engine is used as a four-stroke 
cycle gaa-engiue, a single-acting steam-engine, or a double- 
acting steam-engine. In some cases, therefore, two values 
are tabulated. For eight cylinders and upwards, only the 
values for the four -stroke cycle engine are tabulated. 

Table XIII. thus gives a complete synopsis of the prin- 
cipal mechanical properties of e-ach engine, 

Data for Numerical Values. — To enable the tabulated 
numerical values to serve as bases from which the eorre- 
sponihng values for any engine with any given data may be 
quickly calculated, the assumed data is all in powers of ten 
of the usual British engineering units. Lot speed of crank- 
shaft = 100 revs, per minute, then 

<y = 10-47, and («'■' = 109-4, 

crank radius = i- = 10 inches = 0"8333 ft,, 

mass of each piston = ))ip = 10 lbs., 

mass of each connecting-rod = ?;tr = 10 Ihs., 

moment of inertia of connecting-rod = 1 = 20 lb.-ft.^, 

ratio of crank to connecting-rod = q = 1/5, 

distance between cyHnders = ^ = 10 in. = 0-8333 ft. 

Then unbalanced force of mass m at crank-pin is 



Unbalanced couple of two masses m at crauk-pins, cranks 
at 180°, is 

Al = 28-49 X U-8333 = 23-78 Ih-ft. 
Lot B = W/</ = ^" gg^g^^'* = 68-00 lb.-ft. 

The maximum value of the primary transverse couple is 

CiB = 0-2010 X 68-00 = 13-66 lb.-ft. 
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The kinetic energy of the mass nip at crank-pin is 

T> _a 9/0 10 X 109-4 X 0-6944 ..,,«„, „ 
P = mpr^ay'l2g = 21^32^ ~ ^ 

Similarly L =mri^i^l2g = 11-79 ft.-lbs. 



TABLE 

Synopsis 



2 



3 



No. 



Type of Engine. 



Force. 



Largest unbalanced 



Longitudinal Transverse 
couple. couple. 



2 



8 



No baluDce masses 



Ilulf-balancrd 



Over-balanced 



One Cymnuer. 



1st parallel 
A 



28-49 lbs. 



Ifct reverse 



14 24 lbs. 



Ist perpendr. 
A 



28-49 lbs. 



Connecting-rod balanced 
(Fig. l,Chap. V.) 



Xoiie 



None 



None 



None 



\\ 



\ 



Ist 
13C6lb.-ft. 



/ 



None 



Ist 
13()-6lb.-ft. 



7 



XIIL 

OF Eesults. 



Average kinetic energy of 




Largest variation of kinetic energy of 



Pistons. 



Con necting-rods, 
linear. 



Energy ratio, 
aE 



One Cylindbb. 



0-505P 
5-95 ft.-lbs. 



0-681L 
8-02 ft.lbs. 



1-220L» 
978 ft.-lb8. 



Ist, 0-lOlP 

1-19 ft.-lbs. 
2nd, -0-500P 

-5*89 ft.-lbs. 
3rd, -0-102P 

-l-20ft.-lb8. 



1st, 0040L 

0-47 ft.-lb. 
2iid, -0-350L 

-3-77 ft-lbs. 
3rd, -0041L 

-0-48 ft.-lb. 



Ist, -0025L» 
- 0-20 ft.-lb. 
2nd, 0-220L' 

1-76 ft.-lbs. 
Brd, 0-026L» 
0-21 ft.-lb. 



4-8troke cycle 
engines, 
1-6-1-8 

double-acting 

steam-engines, 

0-20-0-30 
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Tfpeof 



Loncitudinal Trmnsverse 

couple. 



Two CmsDKBa, Two GsASKg. 



6 



8 



10 



Cramki at 90- 
No balance masBeB 



IstpanOkl 


Ut parallel 


40^1be. 


i6-8rib.'-ft. 



Cmnkf ai 90- 

Locomotiye 
Half-balanoed 



let leTeiac 
1 

Z2^ 



20-14 11m. 



Cninks at 180^ 
No balance maasea 



Ist leTene 

272*' 
8-40"lb.-ft 



Ist parallel 
AI 



Cranks at 180^ 
Half-balanced 



2ndpaiaUel| 23'78 lb.-ft. 

2Ag 1 

2B^ I 
11-51 Ibe. . lat leyene 

|AZ 



11*89 lb..ft. 



Cranks at 180'' 

Connecting-rods balanced 

2 Sets of No. 4 

(Fig. 1, Chap. V.) 



None 



None 



Opposed cylinders 
Cranks at 180° 



None 



1st parallel 
Al 



23-78 lb.-ft. 



1st 

V2Bg 

V2C,B 

19-31 lb.-ft 



■\ 



None 



None 



None 



l8t 

2B 

20,8 

27-32 lb.-ft. 



/ 



\ 
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Average kinetic energy of 



Pistons. 



Connecting- 
rods, linear. 



Largest variation of Icinetic energy of 



Pistons. 



Connecting-rods, 
linear. 



Energy ratio, 
aE 

R 



Two Cylinders, Two Cranks. 



!\ 



lOlOP 

1-91 ft.-lb8. 



\ 



1st, 0143P 
« 1-68 ft.-ll>8. 

/ 3rd, -ai44P 

-l-69ft.-lbs. 



1-362L 
16-06 ft-lbs. 



7 



\ 



\ 



2nd, - lOOOP 

-11-79 ft.-lb8. 



2-440L* 
19-56 ft.-lbs. 



1-362L 
16-06 ft.-lbs. 



/ 



Ist, 0'202P 

2-38 ft.-lbs. 
2nd, - 1-OOOP 

-11-79 ft-lbs. 
3rd, - 0'204P 

- 2-41 ft. -lbs. 



1st, 
3rd, 



0057L 

0-66 ft.-lb. 
-0057L 
-0'66ft.-]b. 



\ 



2nd, -.0-640L 

-7-41 ft.-lbs. 



/ 



2nd, 0-440L» 
3-52 ft.-lbs. 



iBt, 



0-080L 
0-94 ft.-lb. 
2nd, -0-640L 

-7-55 ft.-lbB. 

-0082L 

-0-97ft.-lb. 



3rd, 



double-acting 

steam-engine, 

002-0-04 



4-stroke cycle 
engine, 
1-4-1 -6 

single-acting 

steam-engine, 

0-15-0-25 



4-stroke cycle 

engine or 

single-acting 

steam-engine 

0-80-1-10 
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3 



Largest unbalanced 

Longitudinal Transverse 



couple. 



couple. 



Two Cylindebs, One Crane. 



Three Cylinders. 



15 



3 Cranks at 120°, 
No balance masses 



\ 



16; 



3 Cranks at 120° 
Half-balanced 



17 



1 Crank 

Cylinders at 120° 

Half-balanced 



18 



1 Crank 

CyVmhis at 60° 

Half-balanced 

Impulse intervals 120°, 

300°, 300° 



6tb parallel 

3BeA 

0001b. 



2nd reverse 
8-63 lbs. 



1st parallel 
V3AZ 

4l'i*9ibV-ft. 
1st reverse 



20-59 lb.-ft. 



\ 



None 



Srd 
0-61 lb.-ft. 



1 1 

Cylinders at 60° 
Half-balanced 
11 Impulse intervals 300° 


1st reverse 
2^ 


1 
1 

1 

None 1 

1 


1st 
./3C.B 




420° 

1 


24-67 lbs. 

2nd perpendr. 

V2A5 

V2B,A 

814 lbs. 

i 
! 


' 23MS61b.-ft. 




Cylinders at 90° 
.Q Half-balanced 
1^ 1 Impnlse intervals 270° 
, 450° 

' (Fig. 7, Chap. VHI.) 

1 


1 
None 


Ist 

^2Bq 

V2C,B 
19-31 lb.-ft. 


1 


Cylinders at 120° 
^0 1 Half-balanced 
*^ ' Impulse intervals 240° 
480° 

Cylinders at 180° 
14 Half-balanood 

Impulse intervals 180° 
540° 

1 


1 
1 

1st reverse 

i J.t.. 


None 


Ist 
13-66 lb.-ft 


/ 


• 14-24 lbs. 

i let reverse 
i A 




None 


None 




28-49 lbs. 





\ 



i \ 



2Dd elliptical 

(1 + i) Ag 

(1 + h) B.A 

8*63 to 2-88 lbs.' 



None 



Ist 

2Bq 

2O1B 

27-32 lb.-ft 
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[e kinstic energy of 



Two Otlixdhu, Oitb Cbahk. 



I 

I'OIOi' 
11-SII ft-ll 

I 



Iflt. 0-175P 

2-02 ft.-lbfl. 
2nd, -0-500P 

-5-89 rt.-lbB. 



, 014SP 

i-es ft,-ibs. 

I, -O-IWP 

-1-69 ft.-lbB. 



iHt, 


O'iOlP 




M9 ft-lbfl. 


and, 


~0 500P 




-5-89ft.-!lM. 


Hrd, 


-0-202P 




-2S4 ft.-Ibs. 



let, D-06SL 

0-81 ft.-lb. 
2ua, -0-320L 

-3-77 rL-lbB. 



Thbeb Oylhideiu. 



l-Btroke ojole 
engine, 
09U-1-2(I 



l-atrofae cycle 
engine, 

l'06-l-30 



OOIOL 

0-47 ft.-lb. 
-0-320L 
-ST? ft. -lbs. 
-0081L 
-0'93 ft -lb. 



l-Btroke ojcio 
1-20-1-45 



4-stToke ojcle 
engino, 

0'25-0-40 ; 
double-noting 
BteBm-engine, 

001-0-02 



0-I43P 
1'68 ft.-lbB. 
3rd, -0144P 
-1-G9rt..lbe. 



0057L 

0>G6 ft.-lb. 
-0067L 
-06art.-lb. 



4-alr()ke njole 
engine, 

0-10-0'16; 
doable-aoting 
ateam-engine, 

0-01-0'02 
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Largest unbalancMl 



I Longiitudlna 
couple. 



FoDB CruHDma. 



19 


4 Crnnt- il 180^ 2nd pnrallel 
(Molor-oar engine) 4Ag 
2 Sete of Na 7 iB,A 
No belaooo Bib«M8 , 2302 Iba. 


None 


None 


ai 


i Oraitia at 90° 
a Beta of No. 9 
No baUnoe maaaeB 

4 Crania at m" 
2 Seta Of No. e 
Hftlf-balanced 

(Fig. 1, Chap, XL) 

fl. = 30=,fl, = 125* 

m, = l-50m„ (, - 0-4U, 

No balBnoe aaHKW 


1th paroUel 

1B> 

0-23 lb. 


lit parallel 
2V2AI 


None 




G7-24 lb.-ft. 
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iBtrererae 
33-62'ih-ft. 


None 
0-58 lb.-fL 


22 


jth parallel 
0-84A,»' 
333B,A, 
0-19 lb. 


2nd pamllel 
l'443A;q 
l«3Br4i 
ti'93 lb..ft. 


23 


1 Crunk 

i Ojlindera at 90= 

Half-balanced 

Impolaa intervals W^, 

180°, 270°, 180° 

(Fig, 3, ciiap. vni.) 


None 


None 


None 


S4 


2 Crank, at 90° 
Cylindert at 90° 
2 Selfl of No. 12 
Hiklf-babnoed 


4th parallel 

O'leib. 


2Dd perpendr. 

V'2A/g 
v'2B,A( 
6-70 ib.-ft. 


Isl 

ISfs 

27'321b.-fl. j 


!r> 


2Pranft.u(IS0° 1 
Cyli^den at 180° ! None 
No balance moaaeH 


47'56ib!lft. 


None 


; 2 Cranki ut 180° 
2« /HetaofNo. H None 


Ai 


None 




Half-balanocd | 




2378 lb..ft. 



SYNOPSIS OF RESULTS 



5 6 1 


7 


8 


9 


K«er«g<krnetlcw>enYof 1 


Larioitvari 


Ktion i>f klnatlc erMrgy of 

1 ConnectlriBTDd*, 


aE 

"n 



FOER CtI,IB]>EII8. 





2-723L 

32-10 rt..lba. 


and, -2000P 2n(l, -1-280L 

-28'58 ft.-lb8. ■ -15'09ft,-lbs, 


4-rtroko oyole 

o^rn^25 


2-020P 
82 ft.-lbe. 


4th, -0-020P *th. -0003L 
-0'23fl.Jb. -003ft..lb. 

/ ■ 


d^^ot^g 

0-02-0-04 


2-515P. 


3'391L. 

2'723L 
32' 10 ft.-lbB. 


3rd, -0-293P, 3rd, -O-llBL, 


doable-aoting 

Bteain-4Dg:i]ie, 

002-0-05 




«h, -0-020P «h, -0003L 
-028ft.-lb. -0-03n.-lb. 


4-Htroke cjcle 
eagiue, 
0-25-0-40; 
Bingle-aoting 
steam -eDKiue, 
0-02-0-04 


2020P 
82 fl.-lb9. 


iBt, 0-202P iBt, 0'080L 

2'38 ft..lb«. 09* ft.-lh. 
3td, -0-204P 3rd, -0082L 
-2M ft.-lbs, -0-96fl..lb. 


4-Btroke cjcIb 
engino. 
0-25-0-40 




2nd, - 2-OOOP 2nd. - laSOL 

-23-18 lt.-ItM. -11-82 ft..lb. 


4-Btrobe ojole 
onRine, 

0-15-^)-25 



BALANCING OF ENGINES 



Typt of EnBtne. 



Longitudinal Traniveraa 



FiTB CtundBBH. 



5 Crania at 120° 

(Fig. 18, Chap, vr.) 
No balsncc masses 



6th parallel | 

I Where &' in- 
, olades the 
I total ma8B> 

; or tho Ato : 

O'OO Iba. 



5 Cranki al 72° ' 

Equal distanoeB between 

nyliiidera i 

No faelanoe mMses ' 



1st parallel 

2-449AI 
10 68 lb.-ft. 



2nd parallel 

4-980A7g 

I 23-54 lb.-ft. 



5(>anft.tt(72° 

<Fig. 19, Chap. VL) 
No balance massea 



1 Cmiift I 4th reverflB. 
CylindeTf ci( 72° JAg" 

Half-balanced | 2*5B,A 
<FiK. 10, Chap. VIII.) 014 lb. 



001 lb.-ft. 



31 


6 Oranfti al 120° 
Motor-oar en^e 
2 sets of No. 15 


Cth iia-rallel 
000 IbB. 


None 


3rd 
1-22 iV-ft. 


32 
3S 


2 Crania atlStP 
CB!in(fer«ffli60= 
a Bets of Ni.. 17 
Half-balanced 


Nono 

Gth parallel 
0-00 lbs. 


2nd reverae 

iIba 

7-21 ll-k 


None 


3 Crania ut 120° 

Pair- 0/ cyUndero at 120" 

3 Bets of No. 13 

Half-balanced 


iBt reverse 


None 


2059 lb.-ft. 
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Average kinetic energy of 



Largest variation of kinetic energy of 



Pistons. 



Connecting- 
rods, iinear. 



Pistons. 



Connecting-rods, 
linear. 



Energy ratio, 



Five Cylindebb. 



0-505Pi 

29-75 ft.-lbe. 

P* including 

the five 

pistons 



2-525P 
29-77 ft.-lbB. 



O-68IL1 
40-13 ft.-lbfl. 
L* including 
the five rods 



3-404L 
40-13 ft.-lb8. 



3rd, -0102Pi 
- 600 ft.-lbB. 



\ 



V 5th,0-0025P 
/ 0029 ft.-lb. 



/ 



3rd, -0-041L* 
-2-40ft.-lbs. 



5th, OOOIOL 
0-012 ft.-lb. 



4-Btroke cycle 

engines, 

007-0-12 

double-acting 

steam-engines, 

0-000-0003 



Six Cylinders. 



3rd, -0-610P 
-7-19ft.-lb6. 



3031P 
35-73 ft..lb8. 



4-085L 
48-16 ft.-lbs. 



6th, 0-OOOlP 
0-001 ft.-lb. 



3rd, -0-610P 

-719ft.-lb6. 



3rd, -0-244L 
-2-88ft.-lbs. 



6th, O-OOOOL 

00000 ft.-lbs. 



3rd, -0-244L 

-2-88 ft-lbs. 



4-stroke cycle 
engines, 
005-0-08 

double-acting 

steam-engines, 

0-000-0-005 
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BALANCING OF ENGINES 



No. 



Type of Engine. 




Largest unbalanced 



Force. 



Longitudinal 
couple. 



Transverse 
couple. 



Eight Otundebs. 



34 


4 Cranks at 180° 
Cylinders at 90° 
4 sets of No. 12 
Ko balance masses re- 
quired 


2nd perpendr. 
4V2Ag 

4V2B2A 
32-57 lbs. 


None 


None 


\ 


35 


4 Cranks at 90° 

Cylinders at 90° 

4 sets of No. 12 

Half-balanced 


4th parallel 

V2Ag» 

4V2B4A 
0-32 lb. 


None 


None 


\ 

■ 


36 


2 sets of No. 28 
Cranks at 0°, 90°, w 180° 


None 1 


None 


None 


/ 



Ten Cylinders. 



37 



2 Cranks at 180° 

Cylinders at 36° 

2 sets of No. 30 

Half-balanced 



None 



4th reverse 

2-5B4AZ 
012 Ib.-ft. 




Twelve Ctlindebs. 



38 



39 



4 Cranks at 90° 

4 Sets of No. 18 

Half-balanced 

Impulse intervals 

irregular 



40 



41 



3 Cranks at 120° 
3 Sets of No. 23 

Balanced 
Impulse intervals 
irregular 



4 Cranks at 180° 

4 Sets of No. 18 

Half-balanced 



4th elliptical 

(1 + i)Aq* 

4(1 + J)B,A 

0-36 to 0*12 Jb. 



None 



6 Cranks at 120° 
Pairs of cylinders at 60° 

6 Sets of No. 11 

No balance masses 

required 



2nd elliptical 

4(1 + i)Aq 

4(1 + ^)B,A 

34-53 to 

11-51 lbs. 

6th parallel 
2V3.^, 
"64-^^ 

6V3B«A 
000 lbs. 



None 



None 



None 



None 



None 



None 



None 



None 



/ 
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Average kinetic energy of 



Pistons. 



Connecting- 
rods, linear. 



Largest variation of kinetic energy of 



Pistons. 



Connecting-rods, 
linear. 



Energy ratio, 
aE 



Eight Ctlindebs. 



4041P 
47-64 ft. -lbs. 



5'446L 
64-24 ft..lbe. 



\ 



^ 4th, -0040P 
/ -0-47 ft.-lb. 



4th, -OOOti 

-0071 ft.-lb. 



Ten Cylinders. 



5051P 
59-55 ft.-lbB. 



6-808L 
80-27 ft.-lbB. 



10th, OOOOOP 

0000 ft-lbs. 



10th, OOOOOL 

0000 ft.-lbs. 



0-02-0-04 



0-015-0030 



6061 P 
71-50 ft.-lbs. 



Twelve Ctlindebs. 



12th, OOOOP 
( 0000 ft.-lbs. 



12th, 0-OOOOL 

0000 ft.-lbs. 



8170 
96-32 ft.-lbs. i 



\ 



Gth, 0000 IP 
0001 ft.-lb. 



6th, OOOOOL 
0000 ft.-lbs. 



0-010-0-020 



BALANCING OF ENGINES 



Uiriwit unbalancMl 



SOTEMS OrUNDEBa. 



2 Pain of oppoeed 
oianka at 45° 
3 Sets of If 0.36 

Cyllndeia in i longi- 
tadinBl planes 



TwjtNTY-FODR Ctuhdbbb. 



None None 
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Average kinetic energy of 



Pistons. 



Connecting- 
rods, iinear. 



8 



largest variation of kinetic energy of 



Pistons. 



Connecting-rods, 
linear. 



Energy ratio, 
aE 

R 



8-082P 
95-28 ft.-lbs. 



10-892L 
128-48 ft.-lb8. 



Sixteen Cylinders. 



8th, 0-000 P 

0000 ft.-lbs. 



8th O-OOOOL 
0000 ft-lbs. 



0-000-0-005 



TwENTT-POUR Cylinders. 



12-123P 
142-93 ft.-lbs. 



16-347L 
192-72 ft.-lbs. 



12th, O-OOOOP 

000 ft-lbs. 



12th, O-OOOOL 

0000 ft.-lbs. 



0000-0-005 



pm 


AOCBLBBATION, 2 


CENTRiFnoiL force, 13 ^^^^^H 


„ o£ cormooting- rod, 


Circular motion, uniform, 12 ^^M 


angular, 102 


Compound locomotive, four- ^H 


Acceleration, radial, 3, 13 


cylinder, 179 ^1 


tangential, 3 


Conditions of balancing revolving ^^| 


Airships, petrol-eiigiiiea £or, 1B4 


masses, 52 ^H 


Amplitude of engine vibration, 175, 


Conditions for primary and seoon- ^H 


176 


daty balance, 90, 163 ^H 


. Angular acoelemtion o£ oonneoting- 


Conditions of equilibrium, 16 ^H 


rod, 102 




Angula,r energy, 29 


tion of, 102 ^H 


„ „ of Donneotiug-rod, 


Connecting-rod, angular velocity ^H 


125,130 


of, 124, 130 H 






„ speed, 3 


U 


„ velocity o£ oounoc ting-rod, 




124,130 


132, 128, 130 ^^^^H 


ATeraga onorgy, 132, 188, 135 


Cunnecting-rod, motion of mass- ^^^^^H 


„ torque, 145, 149 


centre of, 06, 128 ^^^^H 




Connecting-rod , transverse coupla ^? 


Ealanoed engine, perfectly, 67, 


of, 102, 104 ' 


114, 188, 196, aOO, 2M, 206 


Conservation of angular momen- 


Balaneing maasos in Hame loDgi- 


tum, 27 


tudinsl plane, 36 


Gonservation of energy, 29 


Balancing roassea in same plana of 


„ „ momentum, 36 


revolution, 35 


Coplanar forces, 16 




Couple, 13 


^H revolving maBses, 34 


„ of transference, 14, 44 


^^H locomotive crank-axle, 4T 


„ transverae, 102, 104, 105 


^^H of locomativeB, partial, 74 




^^p Bearings, pressure on, 37 


97,164 


Bendiug-TOoniBat diagram, 19, 48, 


Curre of acceleration of piston, 82, 


61, 94, 96 


84 


Bob-weightB, 62 


Curve, Klein aocoloration, 83, 84 




„ Kloin torque, 150 


^H ' 116 


„ of kinetic energy oE piston. 


^H Boris, Ur. Q. A., vi. 


122 


^ =^ p ^M 



Curve of angular eaorgy of con- 

neoting-Tod, 125 
Curva of liueac energy o( conooct- 

ing-rod, 124 
Curve of torque on orank -abaft, 

116, 149 

Dalby, Prof. W. A„ v„ lfi9 
Displaoement of engine frame, 171 

„ piston, SS, 126 
Duinont, M. Santos, 184 



EroHT-cyLiNDBB four-orank engine, 

117, 197, 201 

Eight- cylinder two-crank engino, 

118, 187. 304 

Eloctrio generators, gaB-engines for. 



128,130 
Energy of pistonn, 121, 126 
„ conservation ol, 29 
Equilibrium, conditions of, 16 
Equivalent revolving masses, 63, 

109 
Evan number of cylinders, 113 
Exajuples — ■ 

Single revolving masa, 38 

Two cranks at 180°, 39 

Loeornotive oranlt-asle, 47 

Three oranks at 120°, 51 

Siic cranks, 61 

Two revolving masses, 54 

Three revolving maases, 55 

Four-crank engine, 63 

Partial talanoing of locomotive, 
76 

Transverse conple, 106 

V-type engine, 112 

Fluctuation of speed, 138 
Excess energy, 132, 145, 148 
Eierciaea, 9, 31, 55, 64, 100, 120, 

140,156 



FiVK-CBiBK engine, 93, 95, 169, 161, 



FluQtuation of speed, 137, 147, 152 
Flywheel, funotion of, 153, 

Force-polygon, 8 
Forces at a point, 8, 13 
„ coplanar, 15 
„ parallel, 17 
Forward and reveraa masses, Gi 

109 
Foundations for engine, 171, 177 
Four-crank angina, 40, 92, 158, 18( 

200 
Four-crank 8-cylindei engine, 117, 

118, IS2, 187, 201 
Four-crank 16-cylinder engine, 188, 

206 
Four-cylinder one-crank engine, 113, 

183, 200 
Fourier's theorem, 85 



OAS-BNeiBB, indicator diagram, 148 
„ torque curves, 149 

„ fluctuation of speed, 

139, 150 

Gas-engine of large power, 186, 189 



Horizontal engine, 177 

iMAQlBAni cranks, 62, 88, 109 

Indicator diagram, 113, 148 

Inertia, 5 

„ torcea, primary, 34 

„ „ of second order, 79 

„ moment of, 21 

Inatantaneoua centre, 79 

Internal forces, 30 

„ and ostomal forces, 30, 155 

I vector-polygon, 105 

KiBBTio energy, 4 

„ „ ol piBton, 121, 126 

„ „ rod, 122, 128 
,, „ aystem, 28 
„ ,1 „ multi-cylinder 

engine, 133 
Klein acceleration curve, 80, 83 
I, torque curve, 150 



^^^^v 


■^ 
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^^n,i.wB dF raotioQ, 5 


Pa DDLK- WHEEL engine, 119 




^^H^inear Aud rotary mobion, 23 


Parallel forces, 17 




^^V luiergy of rod, 122, 128 


Partial balancing locomotive, 74 




^H Link-polrgOD, 16, IT, 18 


Perfect primary and aeoondary 




^V mrl, 86, 43, 48, 72, 


balance, 91, 169 




^H 94, 96, 160 


Perfectly balanced engine. 67, 114, 




^^B Locomotive oiank-itKle, 47 


188, 196, 200, 204, 306 




^H engine, ITS 


Periodic time, 59, 175 




^H four-cylinder, 179 


Pilcher, Mr. WUson, 67 




^^1 partial balancing of, 74 


Piston, acceleration of, 80, 85 




^^^B Macliubin'b thoorem, 108 


„ kinetic energy of, 121,126 




^B Marine engines, 119, ISO 


„ velocity of, 79, 126 




^^■^ gs,5-engincB, 186 


Plane motion, 25 




^m Mass, 1. 3 


Polygon, force, 8 




^H Mass-centre, 20 


„ mr vector-, 35, 42, 48, 90, 




^^K Muss moment, 84 


94, 96, 160, 165 




^^B Moment of a force, 13 


Polygon, mrl vector-, 44. 90, 96, 160, 




^B „ inertia, 21, 102 


165 




^^H „ momcatum, 25 


Pplygon, mr; link-, 36, 43, 48, 72, 94, 






96,160 




^^^K angular, 25 


Power, 4 




^^1 conservation of, 26, 27 


Pressure on bearings, 37 




^H Motion, laws of, 5 


Primary and secondary balance, 91, 




^^H linear and rotary, 23 


158 




^H plime, 25 


Primary balancing, 60 




^^H simple harmouie, S8, 61, 88 






^H Motor-oar engines, 40, 180 






^H Motor-cycle engines, 184 


Reaction, 6. 6, 163, 156 




^H mr vector-polygon, Sd, 42, 48, 90, 


Reciprocating masses, 63, 63, 88 




^H 94, 96, 160, 165 






^H ww( vector-polygon, 44, 90, 96, 160, 


force, 35, 37, 42 




^F 165 






wri link-polygon, 86, 42, 48, 72, 94, 


transverse oonple, 105 




96,160 


,, vector, 8 




Multi-cylinder engines, 108, 118, 






198-206 


Reverse unbalanced force, 109 




Multi- cylinder engines, kinetic 


RevolviDg masses, 34 




energy of, 133 


andreciprooatingmoBsoa, 




New tj-pes, pos^lile, 187 


Rocking couple, 76 




^^ Newton's laws of motion, 5 






^^K Number of cylinders, even, 113 


Secokd order, forces of, 79, 88 




^H oM, 115 


„ conditions tor balamofl 




^H variables, S3, 63, 91, 15S, 


of, 90, 163 




■ .. 


Six cranks, 51, 98, 191, 202, 204, 206 




^^m OBLiqnz oyllnderB, 119 


Sirteen-cylinder engine, 188, 206 




^H Odd cumber of cylinders, 115 


Space, 1 




^^M One-crank multi-cylinder engine. 


Speed, 1 




^M 108, 198, 202 


„ fluctuation of, 137, 147, 153 




|„...,„ 


Spring drive on motor-car, 156 
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INDEX 



Straining actions, 6 

Stress, 6 

Swaying couple, 75 

Symmetrical four-crank engine, 159, 

200 
Symmetrical five-crank engine, 169, 

202 
Synopsis of results, 190 

Tanqbitcial acceleration, 3 

„ crank-pin effort, 142 

Ten-cylinder two-crank engine, 118, 

185, 204 
Time, 1 

„ periodic, 69, 175 
Tbree-crank engine, 51, 134, 138 

„ revolving masses, 54 
Torque on crank-shaft, 141, 149 
„ from indicator diagrani, 143, 

149 
Torque of reaction, 153 
Transference couple, 14, 44 
Transverse couples, 102, 105 
Twelve-cylinder engines, 188, 204 
Twenty-four cylinder engine, 188, 

206 
Two cranks at 180°, 39, 133 

„ cylinders at 90®, 112 



Two-crank multi-cylinder engine, 
118 

Uniform motion in a straight line, 5 

„ circle, 12, 60 



91 



»» 



Units, dimensions of, 6 
„ small, 188 

V-TYPB engines, 112, 182, 184 

Variables, number of, 53, 63, 91, 
158, 169 

Vector, 7 

Vector-polygon, 8 

„ mr, 35, 42, 48, 90, 

94, 96, 160, 165 

Vector-polygon, mrl, 44, 90, 96, 160, 
165 

Velocity, 1 

„ angular, 2 

„ „ of connecting- 

rod, 124, 130 

Velocity of piston, 79, 126 

Vertical engines, 177 

Vibration of elastic frame, 175 

Vibration of engine, amplitude of, 
175 

Yabbow's bob-weights, Mr., 62 



THE END 




PKINTKD BY WILLIAM CLUWKS AND SONS, LIMITED, LONlXtN AMI> BkOGIJU. 
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